Rules for integrands of the form (cx)" (a + bx")P

D:J}cmm(m+b1ﬂ)p@2+MXﬂpdxwma1mb1+mb2=eA(pezv (a1>0 A a,>0))

Derivation: Algebraic simplification
Basis:If ay b1 +ai1 b, =0 A (peZ V (a1 >0 A ay >0)),then (a;+byx")? (az+b,x")P == (a;a, + by by x2")P
Rule:lif ab; +a1b, =@ A (pez V (a; >0 A a, >0)),then

f(CX)m (al+b1Xn)p (az+b2 Xn)ple — J-(c x)m (31 a,+by b, in)pd]X

Program code:

Int[(c_.*x_)"m_.x(al_+bl_.xx_“n_)”~p_x(a2_+b2_.xx_“n_)~p_,x_Symbol] :=
Int[ (c*x)~“mx (alxa2+blxb2xx” (2xn) ) p,x] /;
FreeQ[{al,bl,a2,b2,c,m,n,p},x] & EqQ[a2xbl+alxb2,0] &% (IntegerQ[p] || GtQ[al,0] && GtQ[a2,0])



Rules for integrands of the form (c x)~"m (a+b x~n)"p

1. jx'" (a+bx")pd1x whenm=n-1

xm
1:J dx whenm==n-1
a+bx"

Derivation: Integration by substitution and reciprocal rule for integration
Basis: If m == n - 1, then x"F[x"] = LE[x"] gx"

Rule1.1.3.2.1.1:If m = n - 1, then

X" 1 1 Log[a +bx"]
J dx — —Subst[f dx, X, x"] _
a+bx" n a+bx bn

Program code:

Int[x_"m_./(a_+b_.*x_"n_),x_Symbol] :=
Log [RemoveContent [a+b*xx*n,x] ]/ (bxn) /;
FreeQ[{a,b,m,n},x] && EqQ[m,n-1]



Rules for integrands of the form (c x)~"m (a+b x~n)"p

2: Jx’“ (a+bx")Pdx whenm=n-1 A p#-1

Reference: G&R 2.110.4, CRC 88awithm =n -1

Derivation: Binomial recurrence 2a withm = n - 1

Derivation: Integration by substitution and power rule for integration
Basis: If m == n - 1, then x"F[x"] = LE[x"] gx"

Rule1.1.3.2.1.2:1f m=n-1 A p # -1, then

1
Jx"‘ (a+bx")Pdx — —Subst[J(a+bx)”d1x, X, x"] —

n

Program code:

Int[x_"m_.*(a_+b_.*x_"n_)~p_,x_Symbol] :=
(a+bxx”~n) A (p+1) / (bxnx (p+1)) /;
FreeQ[{a,b,m,n,p},x] & EqQ[m,n-1] && NeQ[p,-1]

Int[x_"m_.*(al_+bl_.xx_"n_.)"p_=(a2_+b2_.xx_"n_.)"p_,x_Symbol] :=
(al+blxx”n)~ (p+1) » (a2+b2xx~n) ~ (p+1) / (2xblxb2xnx (p+1)) /;
FreeQ[{al,b1,a2,b2,m,n,p},x] && EqQ[a2xbl+alxb2,0] && EqQ[m,2xn-1] && NeQ[p,-1]

(a + bx“)p+1

bn (p+1)



Rules for integrands of the form (c x)~"m (a+b x~n)"p

2: fx'" (a+bx")Pdx whenpez A n<e@

Derivation: Algebraic expansion
Basis: If p € Z,then (a+ b x")P == x"P (b+ax™"™)P
Rule 1.1.3.2.2:1f pe Z A n < 0, then
jx’“ (a+bx")Pax — Jxmmv (b+ax™")Pax

Program code:
Int[x_"m_.*(a_+b_.*x_"n_)~p_,x_Symbol] :=

Int [X* (m+nxp) * (b+axx”* (-n) ) p,x] /;
FreeQ[{a,b,m,n},x] &% IntegerQ[p] && NegQ[n]

3: j(cx)'“(a+bx“)pd1x when %+p+1==0/\m¢—1

Reference: G&R 2.110.6, CRC 88c withm+np+n+1 =90
Derivation: Binomial recurrence3bwithm+np + n + 1 ==

Rule1.1.323:1f ™1 v p+1 =0 A m# -1,then

(cx)™ (a+ bx“)p+1

J(CX)'" (a+bx")"d1x —
ac (m+1)

Program code:

Int[(c_.*x_)"m_.*(a_+b_.*x_"n_)~p_,x_Symbol] :=
(c*x)~(m+1) * (a+bxx”n) ~ (p+1) / (a*cx (m+1)) /;
FreeQ[{a,b,c,m,n,p},x] && EqQ[ (m+1) /n+p+1,0] && NeQ[m,-1]



Rules for integrands of the form (c x)~"m (a+b x~n)"p

Int[(c_.*x_)"m_.*(al_+bl_.xx_"n_)~ p_x(a2_+b2_.xx_"n_)"p_,x_Symbol] :=
(c*x)~ (m+1) % (al+blxx”n) ~ (p+1) * (a2+b2xx”*n) ~ (p+1) / (alxa2xc* (m+1)) /;
FreeQ[{al,b1,a2,b2,c,m,n,p},x] & EqQ[a2xbl+alxb2,0] &% EqQ[ (m+1) / (2xn) +p+1,0] && NeQ[m,-1]

4, f(cx)'“ (a+bx")?ax when %ez

n

1: Jxm (a+bx")"dlx when 2L ¢ 7

Derivation: Integration by substitution

Basis: If % e Z, then x» F[x"] == iSubst[x$_1 F[x], X, x"] Oy x"

Note:If nez A m;1 € Z,thenm € Z,and (c x)™automatically evaluates to c™ x™.

Rule 1.1.3.2.4.1: If m;—l e 7, then

1 mel
jx’" (a+bx")Pdx — —Subst[J‘xT'1 (a+bx)Pdx, X, x"]
n

Program code:

Int[x_"m_.*(a_+b_.*x_"n_)"p_,x_Symbol] :=
1/n+Subst[Int[x (Simplify[ (m+1) /n]-1)« (a+b*x)~p,x],x,x*n] /;
FreeQ[{a,b,m,n,p},x] & IntegerQ[Simplify[ (m+1)/n]]

Int[x_"m_.*(al_+bl_.xx_"n_)~ p_=x(a2_+b2_.xx_"n_)"p_,x_Symbol] :=
1/n+Subst[Int[x (Simplify[ (m+1) /n]-1)« (al+blxx)"p* (a2+b2+x)*p,x],Xx,x*n] /;
FreeQ[{al,bl,a2,b2,m,n,p},x] && EqQ[a2xbl+alxb2,0] && IntegerQ[Simpli-Fy[(m+1)/(2*n)]]



Rules for integrands of the form (c x)~"m (a+b x~n)"p

2: J(cx)'“ (a+bx")?ax when "‘;—lez

Derivation: Piecewise constant extraction
Basis: a, 1—>— =0

Rule 1.1.3.2.4.2: If m;—l e 7, then

cIntPar‘t[m] (C X) FracPart[m]

f(cx)'“ (a+bx")Pdx —

J.x'“ (a+ bx”)pdlx

XFracPart [m]

Program code:

Int[(c_*x_)"m_x(a_+b_.xx_"n_)"p_,x_Symbol] :=
c~IntPart[m] * (cxx) ~FracPart[m] /x~"FracPart[m] *Int [x*m* (a+bxx*n)*p,x] /;
FreeQ[{a,b,c,m,n,p},x] && IntegerQ[Simplify[ (m+1)/n]]

Int[(c_*»x_)"m_x*(al_+bl_.xx_“~n_)"p_=*(a2_+b2_.xx_"~n_)"p_,x_Symbol] :=
c~IntPart[m] » (cxx) ~FracPart [m] /x"FracPart[m] *Int [x"m% (al+blxx”"n) *p* (a2+b2xx*n)*p,x] /;
FreeQ[{al,bl,a2,b2,c,m,n,p},x] && EqQ[a2«bl+alxb2,0] && IntegerQ[Simplify[ (m+1)/(2xn)]]



Rules for integrands of the form (c x)~"m (a+b x~n)"p

5: J(cx)"‘ (a+bx")?dx when pez*

Derivation: Algebraic expansion

Rule 1.1.3.2.5:If p € Z*, then

J(c x)" (a+bx")Pdx — JExpandIntegrand[(c x)" (a+bx")?, x] ax

Program code:

Int[(c_.*x_)"m_.x(a_+b_.*x_"n_)"p_.,x_Symbol] :=
Int [ExpandIntegrand[ (cxx) “m* (a+bxx”~n) *p,x],x] /;
FreeQ[{a,b,c,m,n},x] && IGtQ[p,0]



Rules for integrands of the form (c x)~"m (a+b x~n)"p

6. f(cx)'“ (a+bx")?ax when %+p+1eZ‘

1: Jxm (a+bx")"dlx when '";1 +p+leZ Am#-1

Reference: G&R 2.110.6, CRC 88c

Derivation: Binomial recurrence 3b

Note: This rule drives m;—l +p + 1to @ by incrementing m by n.
 Rule1.1.32.6.1:1f mL p+1leczZ Am# -1,then

n
x™ (a+bx")Pt b (men (prl) +1)
a(m+1) a(m+1)

Jx’" (a+bx")pd1x — jx’""" (a+bx")pd1x

Program code:

Int[x_"m_x(a_+b_.*x_"n_)"p_,x_Symbol] :=

X~ (m+1) * (a+bxx”*n) ~ (p+1) / (a* (m+1)) -

bx (m+nx (p+1) +1) / (a* (m+1) ) *Int [X* (m+n) * (a+bxx”*n) *p,x] /;
FreeQ[{a,b,m,n,p},x] & ILtQ[Simplify[(m+1)/n+p+1],0] && NeQ[m,-1]

Int[x_"m_»(al_+bl_.*x_"n_)"p_x(a2_+b2_.*x_"n_)"p_,x_Symbol] :=

X~ (Mm+1) * (al+blxx”~n) A (p+1) * (a2+b2xx”n) ~ (p+1) / (alxa2x (m+1)) -

blxb2x (m+2xn* (p+1) +1) / (al*xa2x (m+1) ) *Int [X* (Mm+2xn) * (al+blxx"n) ~px (a2+b2xx"n)*p,x] /;
FreeQ[{al,bl,a2,b2,m,n,p},x] && EqQ[a2xbl+alxb2,0] && ILtQ[Simplify[(m+1)/(2*n)+p+1],0] && NeQ[m,-1]



Rules for integrands of the form (c x)~"m (a+b x~n)"p

2: J(cx)'“(a+bx) dx when "‘;—1+p+1ez Ap#-1

Reference: G&R 2.110.2, CRC 88d
Derivation: Binomial recurrence 2b

Derivation: Integration by parts

Basis: X" (a + b x")P == xM+npn+l M}L’

(p+1) +1
a+b x" (a+b xn) P+t
Basis: Jl—)—pq dX =~ oD

m+1

Note: This rule drives +p + 1to @ by incrementing p by 1.

Rule1.1.3.2.6.2:1f ™% +p+1ez A p # -1,then

(cx)™t (a+bX")p+1 m+n (p+1) +1
+

J(cx)"‘ (a+bx")pd1x — - J(cx)m (a+bXn)p+1d]X

acn(p+1) an(p+1)

Program code:

Int[(c_.*x_)"m_.*(a_+b_.xx_"n_)"p_,x_Symbol] :=

- (cxx)~ (m+1) * (a+bxx”*n) ~ (p+1) / (a*Cxnx (p+1)) +

(m+nx (p+1) +1) / (axn* (p+1) ) *Int [ (c*X) “mx (a+bxx"*n) ~ (p+1) ,x] /;
FreeQ[{a,b,c,m,n,p},x] && ILtQ[Simplify[ (m+1)/n+p+1],0] && NeQ[p,-1]

Int[(c_.*x_)"m_.x(al_+bl_.ix_“n_)~p_x(a2_+b2_.xx_“~n_)~p_,x_Symbol] :=

- (c*x)~ (m+1) % (al+blxx”n)~ (p+1) * (a2+b2xx”*n) ~ (p+1) / (2*al*xa2xc*n* (p+1)) +

(Mm+2xn* (p+1) +1) / (2%¥al*xa2*n* (p+1) ) *Int[ (c*X) *m* (al+blxx”*n) ~ (p+1) *» (a2+b2xx”n)~ (p+1) ,x] /;
FreeQ[{al,bl,a2,b2,c,m,n,p},x] && EqQ[a2xbl+alxb2,0] && ILtQ[Simplify[(m+1)/(2#n)+p+1],0] & NeQ[p,-1]



Rules for integrands of the form (c x)~"m (a+b x~n)"p

7.J}cxﬂ(a+bxﬂpdxmmennez
1. J(cx)"‘ (a+bx")?dx when nez*

1: Jx’" (a+bx")?dx whennez*Amez A GCD[m+1, n] #1

Derivation: Integration by substitution

Basis:If nezZ A mez,letk =GCD[m+ 1, n],thenxF(x"] = iSubst[x?‘lr[x"/k], X, X€] By

Rulel1.1.3.2.7.1.1:if nez* A mez,letk =GCD[m+ 1, n],if k #+ 1, then

Jx“‘ (a+bx")Pdx — iSubst[J‘x¥'1 (a + bx"/k)pdlx, X, xk]

Program code:

Int[x_"m_.x(a_+b_.xx_"n_)"p_,x_Symbol] :=
With[{k=GCD[m+1,n]},
1/k*Subst [Int [x” ( (m+1) /k-1) * (a+bxx”* (n/k) ) *p,x],X,x*k] /;
k#1] /;
FreeQ[{a,b,p},x] &% IGtQ[n,0] && IntegerQ[m]

Int[x_~m_.*(al_+bl_.xx_"n_)~ p_x(a2_+b2_.xx_"n_)"p_,x_Symbol] :=
With[ {k=GCD[m+1,2xn]},
1/k*Subst [Int [x" ((m+1) /k-1) * (al+b1lxx” (n/k) ) ~*p* (a2+b2xx” (n/k) ) *p,x],X,x k] /;
k#1] /;
FreeQ[{al,bl,a2,b2,p},x] & & EqQ[a2xbl+alxb2,0] && IGtQ[2xn,0] && IntegerQ[m]

10



Rules for integrands of the form (c x)~"m (a+b x~n)"p

2. J\(o::x)m (a+bx")?dx whennez* A p>@

1: J(cx)"‘ (a+bx")?dx whennez*A p>0 A m<-1

Reference: G&R 2.110.3
Derivation: Binomial recurrence 1a
Derivation: Integration by parts

Rule 1.1.3.2.7.1.2.1:If n€ Z* A p >0 A m< -1,then

cx)™! (3 4+bx" p b
J‘(cx)m (a+bx")”d1x_) (cx) ( + ) ~ np J(cx)m+n (a+bx")p'1d]x
c(m+1) " (m+1)

Program code:

Int[(c_.*x_)"m_.x(a_+b_.*x_"n_)"p_,x_Symbol] :=
(c*x) ~ (m+1) » (a+b*x”*n) *p/ (c* (m+1)) -
bxnxp/ (cnx (m+1) ) *Int[ (c*x)~ (m+n) * (a+bxx”n) ~ (p-1) ,x] /;

FreeQ[{a,b,c},x] && IGtQ[n,0] && GtQ[p,0] && LtQ[m,-1] && Not[ILtQ[ (m+nxp+n+1)/n,0]] &&
IntBinomialQ[a,b,c,n,m,p,x]

Int[(c_.*x_)"m_.x(al_+bl_.ix_“n_)~p_x(a2_+b2_.xx_“n_)~p_,x_Symbol] :=
(c*x)~ (m+1) * (al+blxx”n) *p* (a2+b2xx*n) *p/ (c* (M+1)) -
2xb1lxb2xnxp/ (c” (2xn) » (M+1) ) *Int [ (c*X) ~ (M+2xn) » (al+blxx”n)~ (p-1) * (a2+b2xx"n) ~ (p-1) ,x] /;

FreeQ[ {al,bl,a2,b2,c,m},x] & EqQ[a2xbl+alxb2,0] && IGtQ[2xn,0] && GtQ[p,0] && LtQ[m,-1] &% NeQ[m+2xnxp+1,0] &&
IntBinomialQ[alxa2,blxb2,c,2xn,m,p,Xx]

11



Rules for integrands of the form (c x)~"m (a+b x~n)"p 12

2: j(cx)’“ (a+bx")?Pdx whennez*Ap>@ Am+np+1#0

Reference: G&R 2.110.1, CRC 88b
Derivation: Binomial recurrence 1b

Derivation: Inverted integration by parts

Rule1.1.3.2.7.1.2.2:f n€Z* A p>0 Am+np+1+0,then
(ex)™?* (a+bx")P o
J]cxﬂ(a+bxﬂpdx—a c(m+ip+1)) +m:::11J]cxW(a+bxﬂp dx

Program code:

Int[(c_.*x_)"m_.*(a_+b_.xx_"n_)"p_,x_Symbol] :=
(c*¥X) A (m+1) * (a+bxx™n) *p/ (C* (M+nxp+1)) +
axnxp/ (m+nxp+1) *Int [ (cC*x) “mx (a+b*x*n)~ (p-1) ,x] /;
FreeQ[{a,b,c,m},x] && IGtQ[n,0] &% GtQ[p,0] && NeQ[m+nxp+1,0] & & IntBinomialQ[a,b,c,n,m,p,x]

Int[(c_.*x_)"m_.*(al_+bl_.xx_"n_)"p_x(a2_+b2_.xx_"n_)~p_,x_Symbol] :=
(cxx) ™ (m+1) * (Ql+blxx”~n) *px (a2+b2xx"n) *p/ (C* (M+2xn*xp+1)) +
2xalxa2xnxp/ (M+2xnxp+1) *Int[ (cxx) *m* (al+blxx"n)~ (p-1) » (a2+b2xx*n) * (p-1) ,x] /;
FreeQ[{al,bl,a2,b2,c,m},x] &% EqQ[a2xbl+alxb2,0] && IGtQ[2xn,0] && GtQ[p,0] && NeQ[m+2xnxp+1,0] && IntBinomialQ[alxa2,blxb2,c,2xn,m,p,Xx]

3. J(cx)"‘ (a+bx")?Pdx whennez* A p<-1

xm
1. —d]xwhen9>0/\uez
(a+bx?)® : :

XZ
b
1: ——— dx when = >0
(a+bx“)5/4 @

Derivation: Piecewise constant extraction



Rules for integrands of the form (c x)~"m (a+b x~n)"p

. L2 1/a
Basis: axx—(l—mL =0

(a+b XA) ya T

Rule 1.1.3.2.7.1.3.1.1: |f§ > 0, then

Program code:

Int[x_"2/(a_+b_.*x_"4)~(5/4),x_Symbol] :=
X* (1+a/ (b*x4) )~ (1/4) / (bx (a+bxx*4) ~ (1/4) ) »Int[1/ (X 3% (1+a/ (bxx"4) )~ (5/4)),x] /;
FreeQ[{a,b},x] && PosQ[b/a]

Xm
2: j—dlx when 250 A ™2 ¢ 7+
(a+bx“)5/4 a 4

Reference: G&R 2.110.5, CRC 88a
Derivation: Binomial recurrence 3a
Derivation: Inverted integration by parts

Rule1.1.32.7.1.3.1.2:1f 2 > @ A ™2 € 2", then

m m-4

X x"-3 a(m-3) x
J—dlx — - J dx
(a+bx?)** b(m-4) (a+bx*)¥* b(m-4) J (a+bx?)**

Program code:

Int[x_~m_/(a_+b_.%x_~4)~(5/4) ,x_Symbol] :=
X2 (m=3) / (b (M-4) * (a+bxx4) A (1/4)) - ax (m-3) / (bx (m-4) ) *Int [x" (m-4) / (a+bxx"4) A (5/4) ,x] /;
FreeQ[{a,b},x] && PosQ[b/a] && IGtQ[ (m-2)/4,0]

13



Rules for integrands of the form (c x)~"m (a+b x~n)"p

Xm
3: j—dlx when 250 A =2 ¢z~
(a+bx“)5/4 @ 4

Reference: G&R 2.110.6, CRC 88c
Derivation: Binomial recurrence 3b
Derivation: Integration by parts

Rule1.1.32.7.1.3.1.3:1f 2 >0 A ™2 c 77, then

xm+4

X" xm+1 bm
j—dlx — - J dx
(a+bx“)5/4 a(m+1) (a+bx“)1/4 a(m+1) (a+bx“)5/4

Program code:

Int[x_"m_/(a_+b_.*x_"4)"(5/4) ,x_Symbol] :=
X~ (m+1) / (ax (m+1) % (a+b*xx"4)~ (1/4)) - bxm/ (ax (m+1) ) *Int [x" (m+4) / (a+bxx"4)~ (5/4),x] /;
FreeQ[{a,b},x] &% PosQ[b/a] && ILtQ[ (m-2)/4,0]

14



Rules for integrands of the form (c x)~"m (a+b x~n)"p

(cx)" b
2. ——— dx when = >0 A 2meZ
(a+bx2)5/4 @

Vcx b
1: [———dx when = >0
(a+bx2)*" :

Derivation: Piecewise constant extraction

a 1/A
Basis: a, Yex [gg)”

(a+bx?) 14

Rule 1.1.3.2.7.1.3.2.1: |f§ > 0, then

Vex Vex (1+2%5) 1
——dx — dx
X (1

(a+bx2)5/4 b(a+bx2)1/4 a )5/4

b x?

Program code:

Int[Sqrt[c_.*x_]/(a_+b_.*x_"2)~(5/4) ,x_Symbol] :=
Sqrt[cx]* (1+a/ (bxx”2) )~ (1/4) / (bx (a+bxx2)~ (1/4)) *xInt [1/ (X" 2% (1+a/ (b*x"2))~(5/4)),x] /;
FreeQ[{a,b,c},x] & PosQ[b/a]

(cx)” b 3
2: | ————daxwhen 250 A 2mez A m>2
(a+bx2)5/4 @ 2

Reference: G&R 2.110.5, CRC 88a
Derivation: Binomial recurrence 3a
Derivation: Inverted integration by parts

Rule 1.1.3.2.7.1.3.2.2: |f§ >0 A2mezZ Am> 2, then

15



Rules for integrands of the form (c x)~"m (a+b x~n)"p

(cx)™ 2c (cx)™?! 2ac? (m-1) (c x)"™2
I(—dlx — - J(

a+bx2)5/4 b (2m-3) (a+bx2)1/4 b (2m-3) a+bx2)5/4

Program code:

Int[(c_.*x_)"m_/(a_+b_.*x_"2)~(5/4) ,x_Symbol] :=
2xCx (C*¥X) A (m=-1) / (b* (2x¥m-3) » (a+b*x"*2)* (1/4)) - 2xa*c"2x (m-1) / (b*x (2xm-3) ) *Int[ (cxx)~(m-2) / (a+bxx*2)~(5/4) ,x] /;
FreeQ[{a,b,c},x] &% PosQ[b/a] && IntegerQ[2xm] && GtQ[m,3/2]

(cx)" b
3: ——— dx when =>0 A 2meZ A m< -1
(a+bx2)5/4 a

Reference: G&R 2.110.6, CRC 88c
Derivation: Binomial recurrence 3b

Derivation: Integration by parts

Rule1.1.3.2.7.132.3:1f 2 > @ A 2meZ A m< -1, then
J~ (ex)™ 4 (cx)m™1t b((2m+1) J (c x) ™2 4
—dx — - X
(a+bx2)5/4 ac (m+1) (a+bx2)1/4 2ac* (m+1) (a+bx2)5/4

Program code:

Int[(c_.*x_)"m_/(a_+b_.xx_"2)~(5/4),x_Symbol] :=
(C*X) A (m+1) / (axC* (M+1) * (a+b*xx"2) A (1/4)) - b (2+4m+1) / (2%xa*C 2+ (M+1) ) *Int [ (c*X)~ (m+2) / (a+bxx"2) ~ (5/4) ,x] /;
FreeQ[{a,b,c},x] & PosQ[b/a] &% IntegerQ[2xm] && LtQ[m,-1]
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

x2 b
3: ——  dx when = 30
(a+bx“)5/4 @

Reference: G&R 2.110.4
Derivation: Binomial recurrence 2a
Derivation: Integration by parts

Rule1.1.3.2.7.1.3.3: If g + 0, then

x2 1
j 45/4d1x—>— 4\ 1/4
(a+bx*) bx (a+bx*)

Program code:

Int[x_"2/(a_+b_.*x_"4)~(5/4),x_Symbol] :=
-1/ (b*x* (a+bxx"4)~(1/4)) - 1/bxInt[1/ (x*2* (a+bxx*4)~(1/4)),x] /;
FreeQ[{a,b},x] && NegQ[b/a]

4: J(cx)"‘(a+bx")pdlx whennezZ*A p<-1 Am+1>n

Reference: G&R 2.110.4
Derivation: Binomial recurrence 2a

Derivation: Integration by parts

Basis: X™ (a + b x")P == x" "1 (g 4+ bx")P x"1

. nyp yn-1 __ (atbxMP1
Basis: [(a+bx")Px"*dx = bn (pr1)

Rule1.1.3.2.7.13.4:lf n€Z* A p< -1 A m+1>n,then

oT|R

Iy

a+bx*

)1/4

17



Rules for integrands of the form (c x)~"m (a+b x~n)"p

™t (cx)™™ (a+b x")p+1 c"(m-n+1)

j(c x)" (a+bx")"d1x — J(cx)m-n (a+bx")p*1 dx

bn (p+1) bn(p+1)

Program code:

Int[(c_.*x_)"m_.x(a_+b_.xx_"n_)"p_,x_Symbol] :=
c”(n-1) * (c*Xx) ~ (m-n+1) * (a+bxx”*n) ~ (p+1) / (bxn* (p+1)) -
c*n* (m-n+1) / (bxnx (p+1) ) *xInt[ (c*Xx)~ (m-n) * (a+bxx”*n) ~ (p+1) ,x] /;
FreeQ[{a,b,c},x] & IGtQ[n,0] && LtQ[p,-1] && GtQ[m+1,n] &% Not[ILtQ[ (m+nx (p+1)+1)/n,0]] && IntBinomialQ[a,b,c,n,m,p,Xx]

(» Int[(c_.*x_)"m_.*xu_"p_*v_"p_,x_Symbol] :=
With[{a=BinomialParts[u,x] [[1]],b=BinomialParts[u,x] [[2]],n=BinomialParts[u,x][[3]]},
c”(n-1) * (c*x) ~ (m-n+1) xu” (p+1) *v~ (p+1) / (bxn* (p+1)) -
c™n* (m-n+1) / (bxnx (p+1) ) *xInt[ (c*x)~ (m-n) *u” (p+1) »v~ (p+1) ,x] /;
IGtQ[n,0] && m+1>n &% Not[ILtQ[ (m+n* (p+1)+1)/n,0]] &&
IntBinomialQ[a,b,c,n,m,p,x]]| /;
FreeQ[c,x] && BinomialQ[uxv,x] && LtQ[p,-1] =*)

Int[(c_.*x_)”"m_.*(al_+bl_.*x_"n_)"p_=*(a2_+b2_.xx_"n_)~p_,x_Symbol] :=

c™(2%n-1) * (C*X) " (M-2xn+1) * (al+blxx”n)~ (p+1) * (a2+b2xx”*n) A (p+1) / (2xb1lxb2xn* (p+1)) -

c”(2%n) * (M-2%xn+1) / (2xb1lxb2xnx (p+1) ) *Int[ (c*x) ~ (Mm-2xn) * (al+blxx”n)~ (p+1) * (a2+b2xx”*n) * (p+1) ,x] /;
FreeQ[{al,bl,a2,b2,c},x] && EqQ[a2xbl+alxb2,0] && IGtQ[2xn,0] && LtQ[p,-1] && m+1>2xn &&

Not [ILtQ[ (m+2xnx (p+1) +1) / (2%n),0]] && IntBinomialQ[alxa2,blxb2,c,2xn,m,p,Xx]

18



Rules for integrands of the form (c x)~"m (a+b x~n)"p 19

5: j(cx)’“ (a+bx")?dx whennez* A p<-1

Reference: G&R 2.110.2, CRC 88d
Derivation: Binomial recurrence 2b

Derivation: Integration by parts

Basis: X™ (a + b x")P == xmnpencl (abXT

XN (p+1) +1
s, ((a+bxmP o (a+b x") P+l
BaSIS' J X" (p+1)+1 d]X - x" (P+1) g n <p+1>
Rule 1.1.3.2.7.1.35:1f ne€ Z* A p < -1, then

(€x)™ (a+bx")P? min(p+1) +1
+

J(cx)"‘(a+bx")pdlx - - J‘(cx)m(a+bx")p*1dlx

acn(p+1) an(p+1)

Program code:

Int[(c_.*x_)"m_.*(a_+b_.*x_"n_)~p_,x_Symbol] :=

- (cxx)~ (m+1) * (a+bxx”*n) A (p+1) / (a*Cxnx (p+1)) +

(m+n* (p+1) +1) / (a*n* (p+1) ) *Int [ (c*X) *mx (a+b*xx”n)~ (p+1) ,x] /;
FreeQ[{a,b,c,m},x] && IGtQ[n,0] &% LtQ[p,-1] && IntBinomialQ[a,b,c,n,m,p,Xx]

Int[(c_.*x_)"m_.*(al_+bl_.xx_"n_)~ p_=x(a2_+b2_.xx_"n_)"p_,x_Symbol] :=

- (cxx) A (m+1) * (al+blxx”n)~ (p+1) * (a2+b2xx*n) A (p+1) / (2*alxa2xcxn* (p+1)) +

(m+2%n* (p+1) +1) / (2%al*a2xn* (p+1) ) *Int [ (c*X) *m* (al+blxx”~n)~ (p+1) * (a2+b2xx*n) ~ (p+1) ,x] /;
FreeQ[{al,bl,a2,b2,c,m},x] & EqQ[a2xbl+alxb2,0] && IGtQ[2xn,0] && LtQ[p,-1] & IntBinomialQ[alxa2,blxb2,c,2xn,m,p,Xx]



Rules for integrands of the form (c x)~"m (a+b x~n)"p

Xm
4.J dx when nez* A me z*
a+bx"

xm
1.-[ dx whennezZ*AmezZ*Am<n-1
a+bx"

xm
1.j dlxwhen%ez*/\mez+/\m<n-1
a+bx"

X
1:j dx
a+bx3

Reference: G&R 2.126.2, CRC 75

Derivation: Algebraic expansion

fee X 1 al/3+b1/3 x
BaSIS' 3 T 7 1/3 B1/3 1/3,K11/3 t 1/3 B1/3 2/3_41/3 Kl1/3 2/3 2
a+b x 3a'b/(a/+b X 3 al/3 pl/ (a/—a/b/x+b x)

Rule1.1.3.2.7.1.4.1.1.1:

X 1 1 1 al’3 + b3 x
j dx — - J dx + J dx
a+b X3 3 a1/3 b1/3 a1/3 + b1/3 X 3 a1/3 b1/3 a2/3 _ a1/3 b1/3 X + b2/3 Xz

Program code:

Int[x_/(a_+b_.*x_"3),x_Symbol] :=

-1/ (3%Rt[a,3]*Rt[b,3]) *Int[1/ (Rt[a,3]+Rt[b,3]*x),x] +

1/ (3xRt[a,3]*Rt[b,3]) *Int[ (Rt[a,3]+Rt[b,3]*x)/ (Rt[a,3]”2-Rt[a,3]*Rt[b,3]*x+Rt[b,3]"2%xx"2),x] /;
FreeQ[{a,b},x]

m

X
Z.J dx whenmez*A m<4
a+bx®

X
1:j dlxwhenmeZ+Am<4/\§>0
a+bx®

Derivation: Algebraic expansion
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

Basis:If mezZ A @ <m<5, let’ = (%)1/5,then

s
m (_1)m pni1 > pml 1 Cos "“5—”}75 Cos{l’"—*sl)—"] X 9 pml r‘Cos[B’;”}fs Cos[ﬂ%)—”} X
a+bx®  5as" (r+sx) 5ast 22 (144/5 ) rsxes?x? 5as™  r2-2 (1-4/5) rsx+s?x?

Note: This rule not necessary for host systems that automatically simplify Cos [ "?” ] to radicals when k is an integer.

1/5
Rule1.1.3.2.7.1.41.12.:fmez Am<4 A 2>0,let & = (2) /> then
XM (~1)" P+t 1 2rm1  (rCos["] -s Cos[ =] x 2rm1  (rCos[21%] - s Cos [ HMHE] x
J dx — J dx + dx + dx
a+bx® 5as" r+sx 5as" r‘z—%(1+\/?)r‘sx+szx2 5as" rz—%(l—\/?)rsx+szx2

Program code:

(* Int[x_"m_./(a_+b_.*x_"5),x_Symbol] :=

With[{r=Numerator [Rt[a/b,5]], s=Denominator[Rt[a/b,5]]},

(-1) *mxr”~ (m+1) / (5%a*s”m) *Int[1/ (r+s*X) ,X] +

2xr” (m+l) / (5xaxs™m) «Int[ (r«Cos [m«Pi/5]-s«Cos[ (m+1) Pi/5]4x)/(r"2-1/2x (1+Sqrt[5]) *r*s*x+s"24x"2) ,x] +

2xr~ (m+l) / (5*a*s”m) +Int[ (r+Cos [3#m«Pi/5]-sxCos 3% (m+1) xPi/5] %x) /(r"2-1/2x (1-Sqrt[5]) xr*s*x+s"2xx"2) ,x|| /;
FreeQ[{a,b},x] && IGtQ[m,0] && LtQ[m,4] && PosQ[a/b] =*)

m

X
Z:J dx whenmezZ*Am<4 A 230
a+bx® b

Derivation: Algebraic expansion

Basis:ff me Z A @ <m<5,let" = (—é)l/S,then

o pmel 2 (1) pmel r‘Cos['"T”]+s Cos[i—)—"”s1 lx (L1ym pmet rCos [ 27 ] +s Cos [ 2MAir '";1 ] x

5
a+bx® 5as" (r-sx) 5as” r2+> (1475 ) rsx+s? x? 5as” r2+> (1-4/5 ) rsx+s? x?

o

Note: This rule not necessary for host systems that automatically simplify Cos [ "?” ] to radicals when k is an integer.

Rule1.1327.14.112L:fmez  Am<4 A 230,lets = (-2)"° then
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

+1 3 3 (m+1
. et ) 5 (_1)mr‘m+1 PCOS[an] +SCOS[1m52"] X 2 (_1)mr.m+1 PCOS[ r;"] +SCOS[_(|T|5 )IT] X
5le—) dx + dx +
m m m
a+bx 5as r-sx 5as r‘2+§(1+"/5)r‘sx+szx2 5as r‘2+§(1—*/5)r‘sx+szx2

Program code:

(» Int[x_"m_./(a_+b_.%*x_"5),x_Symbol] :=

With[{r=Numerator [Rt[-a/b,5]], s=Denominator[Rt[-a/b,5]]},

(r*(m+1) / (5%*a*s™m) ) *Int[1/ (r-s%X) ,X] +

2x (-1) Amxr~ (m+1) / (S*a*s”m) xInt [ (r«Cos [m«Pi/5]+s«Cos[ (m+1) #Pi/5]#x) /(P 2+1/2% (1+Sqrt [5]) *xr*s*X+s"24x"2) ,x]| +

24 (-1) Amxr~ (m+1) / (5+a*s”m) xInt [ (r«+Cos[3xmxPi/5] +s%Cos[3x (m+1) #Pi/5]+x) /(P 2+1/2% (1-Sqrt [5]) *r*s*x+s°2xx*2),x|] /;
FreeQ[{a,b},x] && IGtQ[m,0] &% LtQ[m,4] && NegQ[a/b] x*)

dx
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

Xm
3.J dlxwhen%ez+/\mez+/\m<n—1/\n>3
a+bx"

xm
1:J dx when "2;1€Z+/\m€Z+Am<n—1/\E>0
a+bx"

Derivation: Algebraic expansion

Basis:If L cz* AmezZ*Am<n-1,let" = (2 ””,then
2 s b

-1 _ 7 _
Zm (_pymi gpmi1 50 rCos [ 2N ] g Cos [ (2etlmlin] 5
-= — + —
a+b z" ans™" (r+sz) ansnh Zk*1 r‘272r\scos[lL;1M} z+s2 72

Rule11.327.14113.L1f St ez  Amez Am<n-1A 2>0,let s = (2)Y" then

= {2k-1) (m+d) 7
x* (-r)™* 1 2 pm+l r‘Cos[ e '""] —sCos[ e (e "] x
‘[ dx - J dx + S
a+bx" ans"” r+sx ans" & r‘z_Zr‘scos[(Zk;l)n]x+Szx2

Program code:

Int[x_"m_./(a_+b_.*x_"n_),x_Symbol] :=
Module [ {r=Numerator [Rt[a/b,n]], s=Denominator[Rt[a/b,n]], k, u},
u=Int[ (r«Cos[ (24k-1) xmxPi/n]-sxCos [ (2xk-1)  (m+1) #Pi/n]xx) /(r*2-24rxsxCos[ (2xk-1) xPi/n] xx+s"2xx"2) ,x] ;
- (-r)~(m+1) / (axnxs™m) *Int[1/ (r+s*X) ,X] + Dist[2xr”~(m+1) / (axnxs”m),Sum[u, {k,1, (n-1) /2}],x]] /8
FreeQ[{a,b},x] & IGtQ[(n-1)/2,0] & IGtQ[m,0] & LtQ[m,n-1] && PosQ[a/b]

dx
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

Xm
Z:J dlxwhen"2;1e2+/\mez+/\m<n—1/\i}@
a+bx"

Derivation: Algebraic expansion

Basis: If >+ ez*Amez"Am<n-1,let’ - (—9)1/n,then

b
m e 2 (_pyml ”;*1 r‘Cos[i—)—Zk’: " ts Cos[i—)—(—“’lnm+1 “] z
atbz" = ans" (r-sz)  ans" k=1 r‘2+2r‘sCos[42k—’1ﬂ} z+52 72
n
_ 1/n

Rule1.1.3.2.7.14.1.132:1f 22 ez Amez' Am<n-1A 230,let’ - (- %) '™ then

XM P 1 2 (=)™l -l rCos[izk—':)ﬂ] + sCos[iZk—'l):(E)—"] X

j dx — J. dx - Z dx
a+bx" ans" Jr-sx ans" o r2+2rsCos[M]x+szx2

Program code:

Int[x_"m_./(a_+b_.*x_"n_),x_Symbol] :=
Module [ {r=Numerator [Rt[-a/b,n]], s=Denominator[Rt[-a/b,n]], k, u},
u=Int[(r«Cos[ (2+k-1) #m«Pi/n]+sxCos|[ (2xk-1) » (m+1) *Pi/n]+x) /(r~2+2+rss«Cos| (2xk-1) xPi/n] xx+s°2+x"2),x] ;
rA (m+1) / (axnxs®m) *Int[1/ (r-s*Xx) ,x] - Dist[2x (-r)” (m+1) / (axnxs”m),Sum[u, {k,1, (n-1)/2}],x] ] /5
FreeQ[{a,b},x] & IGtQ[ (n-1)/2,0] & IGtQ[m,0] & LtQ[m,n-1] && NegQ[a/b]

m

X
2.j dlxwhen%ez+/\mez+/\m<n—1
a+bx"

Xm
1.J dx when ";—ZGZ*AmeZ*Am<n—1
a+bx"

m
. X n-2 + + a
1: L EZTAmMEZ Am<n-1A ;>0
a+bx"

dx when

Derivation: Algebraic expansion

Basis: If ©2 cz"AmezAm<n-1,let’ = (%)””,then
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

n n-2 2 2k-1) m 2 2k-1) (m+2) 2
"2 (niem? . 4 pm2 5 o Cos[l—)—n |-s Cos[‘—uin |z
a+b z" ansn® (r‘2+s2 22) ansn Zk=1 r4-2r2s?2 Cos{ZJZkT’lM} 72454 74
Basis-P2C05[01—52C05fp+269122 _ ;L,( rCos[pl-sCos[p+6] z rCos[pl+s Cos[p+6] z)
" rf-2r?2s?2Cos[20] z2+s* z* 2r \r2-2rscCos[O] z+s?z? r2+2rsCos[O] z+s? z?

Rule1.1.3.2.7.14.12.1L1f 22 cz" AmezZ' Am<n-1A 2

250,leth = (%)””,then

J XM 4 2 (_1);‘—rm+ZJ_ 1 4 4 pn+2 nzi“frz COS['(—)—ZK_: mn] - 52 COS[i—)—(—)—Zk_lnm+2 7(] x2
X — X +

n m 2 242 m 2 (2k-1
a+bx ans r*+s?x ans" r‘4—2r‘252Cos[4T)—"]x2+s4x4

dx

" N ) i ) ]

2 (-1) 7 p™2 1 2 pmel 2 rCos[i“‘—:m] -scos[i—u—)—z"lnm+1 "] X ,-COS[LH_:)M] +Scos[(2k 1)n(m+1)n] N

- J dx + dx + 4
ans’ r*+s?x? ans" i3 r'2-2r'sCos[i—)—2kr'11 ”]x+szx2

2k-1
r'2+2r'sCos[-(—n)—"] X + 82 X2

Program code:

Int[x_"m_./(a_+b_.*x_"n_),x_Symbol]

Module [ {r=Numerator[Rt[a/b,n]], s=Denominator[Rt[a/b,n]], k, u},
u=Int [ (r'*Cos[ (2xk-1) *m*Pi/n] —s*Cos[ (2xk-1) » (m+1) *Pi/n] *x)/(r"Z—z*r*s*Cos [ (2xk-1) *Pi/n] *x+s"2*x"2) ,x] +
Int[(r«Cos[ (2+k-1) #m«Pi/n]+sxCos|[ (2xk-1) » (m+1) #Pi/n]+x) /(r"2+2+rss«Cos|[ (2xk-1) xPi/n] xx+s724x"2) ,x];

2% (1)~ (m/2) *r* (m+2) / (@xn*s”m) *xInt[1/ (r*2+s*2xx"2) ,x] + Dist[2%r” (m+1) / (axn*s”m) ,Sum[u, {k,1, (n-2) /4}],x]] /8
FreeQ[{a,b},x] && IGtQ[ (n-2)/4,0] && IGtQ[m,0] && LtQ[m,n-1] && PosQ[a/b]

X
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

X
Z:J dx when uez Amez*Am<n-1A 210
a+bx"

Derivation: Algebraic expansion

Basis: If %EZ+/\ mez'Am<n-1lett - (—%)”n,then

m 5 pme2 qpm2 2 r2Cos[2knr] g2 cos| 2k im2in] 22
atbz" " ansm (r2-s?z?) anst ZKk=1 4 52 Cos [+ ] 22454 24
Basis: r2Cos[p]-s>Cos[p+26] 2> __ 1 ( rCos[p]-s Cos[p+0] z rCos[pl+sCos[p+O] z )
" rf-2r?2s?2Cos[20] z2+s* z* 2r \r2-2rscCos[O] z+s?z? r2+2rsCos[O] z+s? z?

Rule11.3.27.1412121f%2 cz* Amez  Am<n-1A 2 30,let" = (-2)"" then

XM 2 pme2 1 apm2 = (2 cOs[—z"n’""] -s? Cos[—‘—)—2k n2 "] x?
J‘ dx — J~2 dx + E:
r

a+bx" ans" -s2x? [4k7r

dx
X ans"

252 Cos x? +s*x?

ans" 2k

2 pme2 1 5 pml rCos[zh‘ﬂ]—sCos[M’:‘i)—"]x r‘Cos[Zkﬂ]+sCos[m’:‘i)—”]x
— J~2 dx + dx +

r2-2rscCos 2k7‘:|x+szx2

Program code:

Int[x_"m_./(a_+b_.*x_"n_),x_Symbol] :=
Module [ {r=Numerator[Rt[-a/b,n]], s=Denominator[Rt[-a/b,n]], k, u},
u=Int [ (r'*Cos [Z*k*m*Pi/n] -sxCos [Z*k* (m+1) *Pi/n] *x)/(r"Z—z*r'*s*Cos [Z*k*Pi/n] *x+s"2*x"2) ,x] +
Int [ (r«Cos[2xk+m+Pi/n] +sxCos [2xkx (m+1) *Pi/n]+x) /(r"2+2+r«s«Cos[2xkxPi/n] xx+s72xx"2) ,x];
2xr~ (m+2) / (axn*s”m) *xInt[1/ (r*2-s*2xx"2) ,x] + Dist[2*r” (m+1)/ (axnxs”m),Sum[u, {k,1, (n-2) /4}],x]] /3
FreeQ[{a,b},x] && IGtQ[ (n-2)/4,0] && IGtQ[m,0] &% LtQ[m,n-1] && NegQ[a/b]

r +2r'sCos[ X + 82 x?

26



Rules for integrands of the form (c x)~"m (a+b x~n)"p 27

Xm
Z.J dlxwhen:—ez+/\mez+/\m<n—1
a+bx"

X2
1. J dx
a+bx?

X

2

1:J dx when 2 >0
a+bx? b

Derivation: Algebraic expansion

r+s x2 r-s x2

Basis: If & = ./ 2 | then
s b

2
a+bx* 7 25 (a+b x#) 2s (a+bx*)

Note: Resulting integrands are of the form 222 where c d* - a e? == @ as required by the algebraic trinomial rules.

Rule1.1.3.2.7.1.4.1.2.2.1.1: I % > 0, let 5 = % , then
x2 1 r+sx? 1 r-sx?
f dx — — dx - — dx
a+bx* 2s Ja+bx* 2s Ja+bx*

Program code:

Int[x_"2/(a_+b_.*x_"4),x_Symbol] :=
With[{r=Numerator[Rt[a/b,2]], s=Denominator[Rt[a/b,2]]},
1/ (2%s) *Int[ (r+s*x”2) / (a+bxx"*4) ,x] -
1/ (2*s) *Int[ (r-s*x”"2) / (a+bxx"*4) ,x] ] /3
FreeQ[{a,b},x] & (GtQ[a/b,@] || PosQ[a/b] & AtomQ[SplitProduct[SumBaseQ,a]] && AtomQ[SplitProduct[SumBaseQ,b]])



Rules for integrands of the form (c x)~"m (a+b x~n)"p

x2
2: J. dx when 2 30
a+bx* b

Reference: G&R 2.132.3.2', CRC 82"

Derivation: Algebraic expansion

e lf P _ | _a z s B s
Basis: If s b , then a+bz2 ~ 2b (r+sz) 2b (r-sz)
Rule 1.1.3.2.7.1.4.1.2.2.1.2: If % ¥ 0, let 5 =4/~ % , then

x2 s 1
J. dx — —
a+bx* 2b J r+sx?

Program code:

Int[x_"2/(a_+b_.+*x_"4),x_Symbol] :=
With[{r=Numerator[Rt[-a/b,2]], s=Denominator[Rt[-a/b,2]1},
s/ (2xb) *Int[1/ (r+s*x"2),x] -

S/ (2xb) xInt[1/ (r-s+x~2),x1] /;

FreeQ[{a,b},x] && Not[GtQ[a/b,0]]

dx -

s
2b

1

r-sx?

dx
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

Xm
Z.J dx when 2 e€Z*AmezZ*Am<n-1An>4
a+bx" 4

xm
1:-[ d]xwhen%eZ+AmeZ+Am<n—1AE>0
a+bx"

Reference: G&R 2.132.3.1', CRC 81"

Derivation: Algebraic expansion

53

3
,then —%— = 2

1/4
> a+bz* 22 br (r2-1/2 rszs? z2)

S r _ a
Basis: If £ = (b

Rule1.1.3.2.7.1.4.1.2.2.2.1: If % eZ"* AmezZ " Am<n-1A

m-n/4

- 2\/7br'<r'2+ 2 rsz+s?z?)

>0,let & = (%)1/4,then

oo

m-n/4
dx

XM s3 X
J dx —
n
a+bx 2V2 br Y r?P-V2 rsxV44s2x"/?

Program code:

Int[x_"m_./(a_+b_.*x_"n_),x_Symbol] :=
With[{r=Numerator[Rt[a/b,4]], s=Denominator[Rt[a/b,4]]},

s3 X
dx - J
2V2 br Y r2+vV2 rsx"%+s2x"/?

s”3/ (2%Sqrt[2] *bxr) *Int [x" (m-n/4) / (r*2-Sqrt[2] *r*s*x* (n/4) +s"2xx*(n/2) ) ,x] -
s"3/(2*Sqr't[2]*b*r)*Int[x"(m—n/4)/(r‘"2+Sqr‘t[2]*r-*s*x"(n/4)+s"2*x"(n/2)),x]] /8

FreeQ[{a,b},x] & IGtQ[n/4,0] 8&& IGtQ[m,0] && LtQ[m,n-1] & GtQ[a/b,0]
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

X
Z.J- dlxwhen3&2*/\mez+/\m<n—1/\i
a+bx"

Xm
1:J dlxwhen%ez+/\mez+/\m<§/\
a+bx"

Reference: G&R 2.132.1.2', CRC 78'

Derivation: Algebraic expansion

L r _ a 1 __ r r
Basis: If s N b , then atrbz?  2a (r+sz) 2a (r-sz)
Rule1.1.3.2.7.1.4.1.2.222.1:0f ; ez* Amez* Am< 3

x™ r X
J dx — — — dx _—
a+bx" 2aJr+sx"? 2aJr-sx

Program code:

Int[x_"m_/ (a_+b_.*x_"n_),x_Symbol] :=
With[{r=Numerator[Rt[-a/b,2]], s=Denominator[Rt[-a/b,2]1},
r/ (2+a) *Int[x"m/ (r+s*x~(n/2)),x] +
r/ (2xa) *Int[x*m/ (r-s*x*(n/2)),x]]| /;

b}0

a
b}0

a r
AN >e,lets

m r
. —

FreeQ[{a,b},x] && IGtQ[n/4,0] && IGtQ[m,0] &% LtQ[m,n/2] && Not[GtQ[a/b,0]]

m
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

Xm
Z:J dlehen%eZ*AmeZ*AEsm<nA§$0

a+bx"

Reference: G&R 2.132.3.2', CRC 82"

Derivation: Algebraic expansion

‘e 1f P _a z _ s - s
Basis: If s b , then a+bz2  2b (r+sz) 2b (r-sz)
Rule 1.1.3.2.7.1.4.1.2.2.2.2.2: If % €eZ*AmezZ" A % <m<nA
XM s Xm—n/Z
ax — — [ ———
Ja+bx“ 2b J r+sx"?

Program code:

Int[x_~m_/(a_+b_.*x_"n_),x_Symbol] :=
With[{r=Numerator[Rt[-a/b,2]], s=Denominator[Rt[-a/b,2]1},
s/ (2%b) *Int[x* (m-n/2) / (r+s*x~(n/2)),x] -

s/ (2xb) xInt[x~ (m-n/2) / (r-s*x~(n/2)),x1] /;

230, lett =

b * 9, s

s Xm—n/z
dx - — | — dx

2b J r-sx"?

FreeQ[{a,b},x] && IGtQ[n/4,0] && IGtQ[m,0] && LeQ[n/2,m] && LtQ[m,n] && Not[GtQ[a/b,0]]

a
- , then



Rules for integrands of the form (c x)~"m (a+b x~n)"p

xm
Z:JN dx whenneZ*AmezZ*Am>2n-1
a+bx"

Derivation: Algebraic expansion

Rule1.1.3.2.7.1.42:1f neZ* AmeZ" A m>2n-1,then

X
J dx — JPolynomialDivide[xm, a+bx", x| dx
a+bx"

Program code:

Int[x_"m_/(a_+b_.*x_"n_),x_Symbol] :=
Int[PolynomialDivide [xm, (a+bx"n),x],x] /;
FreeQ[{a,b},x] && IGtQ[m,0] && IGtQ[n,0] && GtQ[m,2xn-1]
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

m

5.J
Va+bx"

dx when nez* A me z*

X

1. j—dlx
YVa+bx3

dx when a>0

X
1: J’—
Va+bx3

Derivation: Algebraic expansion

Note: —Y2— = _1 ++/3
2+\/?

Rule: If a > 0, let £~ (&)™, then

J % »\/25 1 1J\(1—V3)S+PX
—dx — dx+ — | — dx
Va+bx3 '\/2+\/?r' Va+bx3 r Va+bx3

Program code:

Int[x_/Sqrt[a_+b_.*x_"3],x_Symbol] :=

With[{r=Numer[Rt[b/a,3]], s=Denom[Rt[b/a,3]]1},

- (1-Sqrt[3])*s/r+Int[1/Sqrt[a+b*xx"3],x] + 1/r*xInt[ ((1-Sqrt[3]) *s+rxx)/Sqrt[a+b*x*3],x]] /;
FreeQ[{a,b},x] && PosQ[a]
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

dx when a3 0

X
2: J’—
Va+bx3

Derivation: Algebraic expansion

Note: —¥Y2 — - 14 +/3
2-/3

Rule: If a » 0, let £~ (&)™, then

X 2 s 1 1 (1+ V3)5+PX
—dx — - J dx + — — dx

Va+bx3

Program code:

Int[x_/Sqrt[a_+b_.*x_"3],x_Symbol] :=

With[{r=Numer[Rt[b/a,3]], s=Denom[Rt[b/a,3]]1},

- (1+Sqrt[3]) *s/r+Int[1/Sqrt[a+b*xx"3],x] + 1/r*xInt[ ((1+Sqrt[3]) *s+rxx)/Sqrt[a+b*x*3],x]] /;
FreeQ[{a,b},x] && NegQ[a]
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

2

x

2. j—d]x
Va+bx*
X2

1: j—dlx when§>0
YVa+bx?*

Derivation: Algebraic expansion

a

Rule1.1.3.2.7.1.5.2.1:1f 2 > 9, letq > g ,then
J—xz dx — ij—l dx - ij—l_qxz dx
Varox® 9JVared 9 Varox

Program code:

Int[x_"2/Sqrt[a_+b_.*x_"4],x_Symbol] :=

With[{q=Rt[b/a,2]},
1/q+Int[1/Sqrt[a+bxx"4],x] - 1/qxInt[(1-q*x"2)/Sqrt[a+bsx"4],x]] /;

FreeQ[{a,b},x] && PosQ[b/a]



Rules for integrands of the form (c x)~"m (a+b x~n)"p

2

2.j
YVa+bx?*

dx when E;a

x2
1: J—dlx whena<@ A b>0

Va+bx*

Derivation: Algebraic expansion

Rule 1.1.3.2.7.1.5.2.2.1: If g +0 A a<0letg— ./ —g ,then
x? 1 1
J—d]x — —J—d]
YVa+bx?* 497 vVa+bx?
Program code:

Int[x_"2/Sqrt[a_+b_.*x_"4],x_Symbol] :=

With[{gq=Rt[-b/a,2]},

1/q*Int[1/Sqrt[a+bxx*4],x] - 1/q+Int[ (1-q*x"2)/Sqrt[a+bxx"4],x]] /;
FreeQ[{a,b},x] && LtQ[a,0] && GtQ[b,0]

1
X - —

q

J

1-qx?

Va+bx?*

dx
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

x2

2: J—dlx whengie/\ ato
Va+bx?*

Derivation: Algebraic expansion

.1f b b
Rule1.1.3.2.7.1.5.2.2.2: If S +0 A ace, letg - /- . , then
J—xz dx — —EJ.—l dx + EJ—1+qX2 dx
Va+bx® a7 Varbxt a7 Varbxt
Program code:

Int[x_"2/Sqrt[a_+b_.*x_"4],x_Symbol] :=

With[{q=Rt[-b/a,2]},

-1/q*Int[1/Sqrt[a+bxx*4],x] + 1/q*Int[ (1+q*x"2)/Sqrt[a+b*xx"4],x]] /;
FreeQ[{a,b},x] && NegQ[b/a]

X

x4
3: j—dl
Va+bx®

Derivation: Algebraic expansion

Rule 1.1.3.2.7.1.5.3: Let £ (2)*”, then
X (\/?—1)52 1 1 (ﬁ—l)sz—Zrzx“
dex* e R N
(1+‘/?) rxVa+bx® 3sx (s+r‘X2) (:Z('l’;i/’;_u)riiz)z .. St (1_€) rx 2+'\/?
— 5 - EllipticE [ArcCos [ ] 5 B
2b(s+(1+\/?)rx) Zrzm rx? (s+rx?) s+(1+\/?)r'x

(s+(1v3 ) r2)?

] -
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

24r2 x4

(1—\/?)sx(s+rx2) slorsx

(s+ (13 ) r2)? s+ (1-V3)rxd 5,3
EllipticF[ArcCos[ ], ]
4. 314 sz rx? (s+rx? S + (1+'\/?) r x2 4

(s+ (13 ) r2)?

Program code:

Int[x_"4/Sqrt[a_+b_.*x_"6],x_Symbol] :=

With[{r=Numer[Rt[b/a,3]], s=Denom[Rt[b/a,3]]1},

(Sqrt[3]-1) *s”*2/ (2xr~2) *xInt[1/Sqrt[a+b*x"6] ,x] - 1/ (2*xr"2) *Int[ ((Sqrt[3]-1) *s"2-2xr*2xx"4) /Sqrt[a+b*x"6],x]] /;
FreeQ[{a,b},x]

(» Int[x_"4/Sqrt[a_+b_.xx_"6],x_Symbol] :=

With[{r=Numer [Rt[b/a,3]], s=Denom[Rt[b/a,3]]},

(1+Sqrt[3]) *rxx*Sqrt[a+bxx"6]/ (2xbx (s+ (1+Sqrt[3]) *r+*x”2)) -

372 (1/4) *S*X* (S+r*X”2) *SArt [ (S*2-r*s*x"2+r*2xx"4) / (s+ (1+Sqrt[3]) *xrxx”2)~2]/
(2xr*2xSqrt[a+b*xx”6] *Sqrt [Pr*x" 2% (S+r*Xx”*2) / (s+ (1+Sqrt[3]) *r*x~2)*2]) =
EllipticE[ArcCos[ (s+ (1-Sqrt[3]) *r*x"2) / (s+ (1+Sqrt[3]) *xr*x*2) 1, (2+Sqrt[3]) /4] -

(1-Sqrt[3]) *S*X* (S+r*X"2) *SArt[ (s"2-r*s*x"2+r*2xx"4) / (s+ (1+Sqrt[3]) *rxx"2)"2]/
(4%3" (1/4) *r*2xSqrt[a+b*x"6] *SArt [r*x*2x (S+r*x”2) / (s+ (1+Sqrt[3]) *rxx”2)"2]) *
EllipticF[ArcCos[(s+(1—Sqrt[3])*r*xA2)/(s+(1+Sqrt[3])*r*xA2)],(2+Sqrt[3])/4]] /5

FreeQ[{a,b},x] =)

X2
4: JN————————-dx
Va+bx®

Derivation: Algebraic expansion

Basis: ¢ . ()" - (2) Ve
. A a+b x® 2 (:—) Y a+b x® 2 (:—)1/‘1 A\ a+b x8
- c+d x?

Note: Integrands are of the form where b c* - a d* == @ for which there is a terminal rule.

\a+b x8
Rule 1.1.3.2.7.1.5.4:
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

x2

2 1 1+(— x2 1 1-(
—dx — dx - dx
J‘\/a+bx8 2(?)1/4J Va+bx® 2(%)1/4JVa+bx8

b)1/4

Program code:

Int[x_"2/Sqrt[a_+b_.xx_"8],x_Symbol] :=
1/ (2Rt [b/a,4]) *Int[ (1+Rt[b/a,4] *x"2) /Sqrt[a+b*xx"8],Xx] -
1/ (2xRt[b/a,4]) *Int[ (1-Rt[b/a,4] *x"2) /Sqrt[a+bxx*8],x] /;
FreeQ[{a,b},x]

xm
6. J.—dlx whennez*A 2mez*
(a+bx")1/4

X2
1. —— dx
J(a+bx4)1/4 ¢
1: ‘I\(a#;l)l/“dx when §>0
Reference: G&R 2.110.1, CRC 88b

Derivation: Binomial recurrence 1b

Rule 1.1.3.2.7.1.6.1.1: |f§ > 0, then

Program code:

Int[x_"2/(a_+b_.*x_"4)~(1/4),x_Symbol] :=
X3/ (2% (a+bxx”4) " (1/4)) - a/2xInt[x"2/ (a+bxx*4)~(5/4),x] /;
FreeQ[{a,b},x] && PosQ[b/a]



Rules for integrands of the form (c x)~"m (a+b x~n)"p

x2 b
2: —— dx when =30
(a+bx“)1/4 @

Reference: G&R 2.110.5, CRC 88a
Derivation: Binomial recurrence 3a
Rule 1.1.3.2.7.1.6.1.2: |f§ + 0, then

dx — ——— 4+ —

f X2 (a+bx®)* 4 1
(

a+bx“)1/4 2bx 2b J x? (a+bx“)1/4

Program code:

Int[x_"2/(a_+b_.*x_"4)~(1/4),x_Symbol] :=
(a+bxx”*4)~ (3/4) / (2xbxx) + a/ (2xb) *Int[1/ (x*2x (a+b*x*4)~(1/4)),x] /;
FreeQ[{a,b},x] && NegQ[b/a]
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

2. j; dx
x? (a + bx“)l/4

1 b
1: J~————————————'dx when = >0
x2 (a+bx“)1/4 @

Reference: G&R 2.110.3
Derivation: Binomial recurrence 1a
Derivation: Integration by parts

Rule 1.1.3.2.7.1.6.2.1: |f§ > 0, then

[ o
x? (a+bx4)1/4 x(a+bx“)1/4

Program code:

Int[1/ (x_"2%(a_+b_.*x_"4)"~(1/4)) ,x_Symbol] :=
-1/ (x* (a+bxx"4) " (1/4)) - bxInt[x"2/ (a+bxx*4)~(5/4),x] /;
FreeQ[{a,b},x] && PosQ[b/a]

1
2: j— dx when 51»0
x? (a+bx4)1/4

Derivation: Piecewise constant extraction

a \1/4
Basis: Oy (k) =0

(a+b x4)1/4

Rule 1.1.3.2.7.1.6.2.2: If 2 # @, then

_bj'(

a+bx4)5/4



Rules for integrands of the form (c x)~"m (a+b x~n)"p

1 X(1+b37)1/4 1
JZ 4\1/4 dx — 4\1/4 Jg, a \1/4 dx
x? (a+bx*) (a+bx*) X (1+ %)

Program code:

Int[1/ (x_"2%(a_+b_.*x_"4)"~(1/4)) ,x_Symbol] :=
X (1+a/ (b*Xx*4) )~ (1/4) / (a+bxx*4) ~ (1/4) *Int[1/ (x 3% (1+a/ (bxx"4) )~ (1/4)),x] /;
FreeQ[{a,b},x] && NegQ[b/a]

5 Vex
. ~J.(a+bx2)1/4
Vex b
1: | ——— dx when 2>0
J oy S when

Reference: G&R 2.110.1, CRC 88b
Derivation: Binomial recurrence 1b

Rule 1.1.3.2.7.1.6.3.2: If 2 > @, then

dx —
a+bx2)1/4 (a+bx2)1/4 2

Vex xVex  a Vex
Jewer Ji

a+bx2)®*

Program code:

Int[Sqrt[c_»x_]/(a_+b_.*x_"2)~(1/4),x_Symbol] :=
Xx*Sqrt[cxx]/ (a+bxx”2)~(1/4) - a/2xInt[Sqrt[cxx]/ (a+bxx"*2)"(5/4),x] /;
FreeQ[{a,b,c},x] & PosQ[b/a]
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

Vex b
2: |———dx when 230
(a+bx2)1/4 @

Reference: G&R 2.110.5, CRC 88a
Derivation: Binomial recurrence 3a

Rule 1.1.3.2.7.1.6.3.2: |f§ + 0, then

Vex 4 c (a+bx2)3/4 ac? 1
- dX
J.( j(cx)3/2(

b x2) /4 - +2b 2\1/4
a+bx?) bvVecx a+bx?)

Program code:

Int[Sqrt[c_=*x_]/ (a_+b_.*x_"2)"(1/4),x_Symbol] :=
cx (a+bxx~2) " (3/4) / (bxSqrt[cxx]) + axc”2/ (2xb) *Int[1/ ((cxx)”(3/2) * (a+bxx*2)~(1/4)),x] /;
FreeQ[{a,b,c},x] & NegQ[b/a]

1
4. f dx
(cx)3/? (a+ bxz)l/4

1
1: j dx when 250
(c x)3/? (a+bx2)1/4 @

Reference: G&R 2.110.3
Derivation: Binomial recurrence 1a
Derivation: Integration by parts

Rule 1.1.3.2.7.1.6.4.1: |f§ > 0, then
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

1 2
J 3/2 e X
(cx)*2 (a+bx?) cVex (a+bx2)1/4

Program code:

Int[1/((c_.*x_)"(3/2)*(a_+b_.*x_"2)~(1/4)),x_Symbol] :=
-2/ (c*Sqrt[c*x]* (a+b*x”2)~(1/4)) - b/c*2xInt[Sqrt[cxx]/ (a+bxx"2)~(5/4),x] /;
FreeQ[{a,b,c},x] & PosQ[b/a]

1
2: -J- dx whenE}O
(c x)3/? (a+bx2)1/4 @

Derivation: Piecewise constant extraction

a \1/4
Basis: o, ~X el g
(a+bx2)1/4
Rule 1.1.3.2.7.1.6.4.2: |f§ + 0, then

_%j(

Vex

1

1 Vex (1+:%5)Y*
dx — X
(€x)¥2 (a+bx2)"* c? (a+bx?)"*

Program code:

Int[1/((c_.*x_)~(3/2)%(a_+b_.xx_"2)~(1/4)),x_Symbol] :=

JXZ (1+

a

b x?

)1/4

Sqrt [cx] * (1+a/ (b*x"2) )~ (1/4) / (c 2% (a+b*x"2) A (1/4) ) *Int [1/ (X 2% (1+a/ (b*x"2) )~ (1/4)),X] /3

FreeQ[{a,b,c},x] && NegQ[b/a]

dx when —§>0

. Jﬂ
Va+bx?
. JL
Va+bx?

dx when ‘§ >0

a+bx2)5/4

dx



Rules for integrands of the form (c x)~"m (a+b x~n)"p

dx when—§>0A a>o

X
1: j—
Va+bx?

Derivation: Integration by substitution

. ; \/1—4'—:—x \/1—J—§x
Basis: If -250 A a>e, then —2>— .. _ 2 Subst [ X1=2X x| By
> 3/a A/ ~/

? \ a+b x? Va (—:—) / 1-x2 2 2

Rule1.13.2.7.1.7.1.1:1f -2 > @ A a > @, then

1- —Ex
Vi-2x2 4 N @

Vx 2
J— ax — -————— Subst[J X, X, —]
Va+bx? '\/;(_E) V1-x2 NEY

Program code:

Int[Sqrt[x_]/Sqrt[a_+b_.xx_"2],x_Symbol] :=
-2/ (Sqrt[a]l* (-b/a)~ (3/4)) *Subst [Int [Sqrt[1-2xx*2]/Sqrt[1-x"2],X],X,Sqrt[1-Sqrt[-b/a]*x]/Sqrt[2]] /;
FreeQ[{a,b},x] && GtQ[-b/a,0] && GtQ[a,0]

dx when—§>0/\a}0

X
2: j—
Va+bx?
Derivation: Piecewise constant extraction

. 1+bx2
Basis: a, E =

a+b x?

Rule 1.1.3.2.7.1.7.1.2: If —g >0 A a# 9,then
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

dx

J\Va+bx2

—J

Program code:
Int[Sqrt[x_]/Sqrt[a_+b_.*x_"2],x_Symbol] :=

Sqrt[1+bxx”2/a] /Sqrt[a+bxx*2] *Int[Sqrt[x]/Sqrt[1l+bxx*2/a],x] /;
FreeQ[{a,b},x] && GtQ[-b/a,0] && Not[GtQ[a,0]]

2: J. dlxwhen—§>e
a+bx

Derivation: Piecewise constant extraction

Rule1.1.3.2.7.1.7.2: If _g > 0, then

Jidx—)mj \/; dx
Va+bx® Vx Y Vasbx?

Program code:

Int[Sqrt[c_»x_]/Sqrt[a_+b_.xx_~2],x_Symbol] :=
Sgrt[cxx] /Sqrt[x] *Int[Sqrt[x] /Sqrt[a+bxx"2],x] /;
FreeQ[{a,b,c},x] & GtQ[-b/a,0]
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

8: J(cx)’“(a+bx")pdlx whennez*Am>n-1Am+np+1#0

Reference: G&R 2.110.5, CRC 88a
Derivation: Binomial recurrence 3a
Derivation: Inverted integration by parts

Rule1.1.3.2.7.18If nez*Am>n-1 Am+np+1+0,then

™t (ex)™™ (a+ bx")p+1 ac" (m-n+1)

j(cx)"‘(a+bx")”d1x — J‘(cx)m’n (a+bx")?dx

b(m+np+1) b(m+np+1)

Program code:

Int[ (c_.*x_)"m_x(a_+b_.*x_"n_)"p_,x_Symbol] :=
c”(n-1) * (c*X) ~(m-n+1) x (a+b*x”n) ~ (p+1) / (bx (Mm+nxp+1)) -
axc™nx (M-n+1) / (bx (m+nxp+1)) *Int[ (c*x)~ (Mm-n) * (a+bxx*n) *p,x] /;
FreeQ[{a,b,c,p},x] && IGtQ[n,0] &% GtQ[m,n-1] && NeQ[m+nxp+1,0] && IntBinomialQ[a,b,c,n,m,p,Xx]

Int[ (c_.*x_)"m_x(a_+b_.*x_"n_)"p_,x_Symbol] :=
cA(n-1) % (CxX) A (Mm-n+1) = (a+b*x”*n) ~ (p+1) / (b* (m+nxp+1)) -
axc nx (m-n+1) / (bx (m+nxp+1) ) *Int [ (cxX)~ (M-n) x (a+b*x”n) *p,x] /;
FreeQ[{a,b,c,m,p},x] && IGtQ[n,0] && SumSimplerQ[m,-n] & NeQ[m+np+1,0] & ILtQ[Simplify[ (m+1)/n+p],0]

Int[(c_.*x_)"m_x(al_+bl_.%x_"n_)"p_=x(a2_+b2_.xx_"n_)~p_,x_Symbol] :=
Cc™(2*n-1) * (C*X) A (M-24n+1) * (al+blxx”n)~ (p+1) * (a2+b2xx"n) ~ (p+1) / (b1xb2x (M+2xnxp+1)) -
alxa2xc” (2xn) * (M-2xn+1) / (blxb2x (M+2xnxp+1) ) *Int [ (c*X)* (M-2xn) *» (al+blxx”*n) *p* (a2+b2xx”*n) *p,x] /;
FreeQ[{al,bl,a2,b2,c,p},x] & EqQ[a2xbl+alxb2,0] &% IGtQ[2+n,0] && GtQ[m,2xn-1] &% NeQ[m+2xn+p+1,0] &&
IntBinomialQ[alxa2,blxb2,c,2xn,m,p,Xx]

Int[(c_.*x_)"m_x(al_+bl_.xx_"n_)"p_x(a2_+b2_.xx_~n_)"p_,x_Symbol] :=
Cc”(2%xn-1) * (C*X) ~ (M-24n+1) » (al+blxx”n)~ (p+1) * (a2+b2xx"n) ~ (p+1) / (b1xb2x (M+2xn*xp+1)) -
alxa2xc” (2xn) * (M-2xn+1) / (blxb2x (M+2xnxp+1) ) *Int [ (c*xX)~ (M-2xn) *» (al+blxx*n) *p* (a2+b2xx”*n) *p,x] /;
FreeQ[{al,bl,a2,b2,c,m,p},x] && EqQ[a2xbl+alxb2,0] && IGtQ[2xn,0] &% SumSimplerQ[m,-2xn] &% NeQ[m+2xnxp+1,0] &&
ILtQ[Simplify[ (m+1) / (2%n) +p],0]



Rules for integrands of the form (c x)~"m (a+b x~n)"p

9: J(cx)’" (a+bx")?Pdx whennez* A m<-1

Reference: G&R 2.110.6, CRC 88c
Derivation: Binomial recurrence 3b

Derivation: Integration by parts

m+1

Basis: x™ (a+bx")P = —X—— (a+bx") n P
(a+b x")
B +1
Bass:JLW dx == <
(a+b x™) "n (a+b x") » (a (m+1))

Note: Requirement thatm + 1 < n ensures new term is a proper fraction.

Rule 1.1.3.2.7.1.9:I1f n€ Z* A m < -1, then

(€)™ (a+bx")"" b (m+n (p+1)+1)

J.(cx)’" (a+bx")Pdx —

ac(m+1) ac" (m+1)

Program code:

Int[(c_.*x_)"m_x(a_+b_.*x_"n_)"p_,x_Symbol] :=

(c*Xx) A (m+1) * (a+bxx*n) ~ (p+1) / (a*Cx (m+1)) -

bx (m+nx (p+1) +1) / (a*c”n* (M+1) ) *Int[ (c*x) ~ (m+n) * (a+bxx”*n) *p,x] /;
FreeQ[{a,b,c,p},x] && IGtQ[n,0] && LtQ[m,-1] && IntBinomialQ[a,b,c,n,m,p,Xx]

Int[(c_.*x_)"m_x(a_+b_.*x_"n_)"p_,x_Symbol] :=

(c*¥Xx) A (m+1) * (a+bxx*n) ~ (p+1) / (a*Cx (m+1)) -

bx (m+nx (p+1) +1) / (a*c™nx (m+1) ) *Int [ (cxx) ~ (m+n) = (a+bxx”*n) *p,x] /;
FreeQ[{a,b,c,m,p},x] && IGtQ[n,0] && SumSimplerQ[m,n] & ILtQ[Simplify[(m+1)/n+p],0]

j(c x)™" (a+bx")?dx
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Int[ (c_.*x_)"m_x(al_+bl_.*x_"n_)"p_=(a2_+b2_.xx_"n_)"p_,x_Symbol] :=

(c*x)~ (m+1) % (al+blxx”n) ~ (p+1) * (a2+b2xx”~n) ~ (p+1) / (alxa2xc* (m+1l)) -

blxb2x (m+2xn* (p+1) +1) / (al*xa2xc” (2xn) * (M+1) ) *Int [ (cxX)~ (M+2xn) * (al+blxx" n) ~px (a2+b2xx"n) *p,x] /;
FreeQ[{al,bl,a2,b2,c,p},x] & EqQ[a2xbl+alxb2,0] &% IGtQ[2xn,0] && LtQ[m,-1] & IntBinomialQ[alxa2,blxb2,c,2xn,m,p,x]

Int[(c_.*x_)"m_»(al_+bl_.*x_"n_)"p_=(a2_+b2_.*xx_"n_)"p_,x_Symbol] :=

(c*x) A (m+1) * (al+blxx”n) ~ (p+1) * (a2+b2xx*n) ~ (p+1) / (alxa2xc* (m+1l)) -

blxb2x (m+2xn* (p+1) +1) / (@al*xa2xc” (2xn) » (M+1) ) *Int[ (c*Xx)* (M+2%n) * (al+blxx"n) *p*x (a2+b2xx*n) *p,x] /;
FreeQ[{al,bl,a2,b2,c,m,p},x] && EqQ[a2xbl+alxb2,0] && IGtQ[2xn,0] &% SumSimplerQ[m,2xn] && ILtQ[Simpli-Fy[ (m+1) / (2%n) +p] ,0]

10: J(cx)’" (a+bx")Pdx whennez* A meF

Derivation: Integration by substitution
Basis: If k € z*, then (cx)"F[x] == fSubst[xk (m+1) -1 F[%] s X5 (€x) K] 8 (e x) /K

Rule1.1.3.2.7.1.10: If n€ z* A m € F, letk = Denominator [m], then

m n\p k k (m+1) -1 bx")P 1/k
j(cx) (a+bx")Pdx — —Subst[Jx (me)-1 13 4 dx, X, (cX) ]

C c"

Program code:

Int[(c_.*x_)"m_x(a_+b_.*x_"n_)"p_,x_Symbol] :=

With [ {k=Denominator[m]},

k/c*Subst [Int [x” (kx (m+1) -1) # (a+bxx” (kxn) /c~n) ~p,x],X, (c*x)~ (1/k) 1] /3
FreeQ[{a,b,c,p},x] && IGtQ[n,0] &% FractionQ[m] && IntBinomialQ[a,b,c,n,m,p,Xx]

Int[ (c_.*x_)"m_x(al_+bl_.*x_"n_)"p_=(a2_+b2_.*x_"n_)"p_,x_Symbol] :=

With [ {k=Denominator[m]},

k/c*Subst [Int [x” (kx (m+1) -1) * (al+b1lxx” (k*n) /c”~n) *px (a2+b2xx” (kxn) /c~n) *p,X] , X, (c*x)"(l/k)]] /5
FreeQ[{al,bl,a2,b2,c,p},x] & EqQ[a2xbl+alxb2,0] && IGtQ[2xn,0] && FractionQ[m] && IntBinomialQ[alxa2,blxb2,c,2xn,m,p,Xx]
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m+1

. ] < Denominator[p]

1. J-x'" (a+bx")?dx when nez*A -1<p<@ A p¢—§ A mez A Denominator[p +

1. Jx“‘ (a+bx")?dx when nez*A -1<p<@ A p;é—% AMEZ A p+%ez

1: X
e

Rule 1.1.3.2.7.1.11.1.1: Let q»b¥3, then

1+ 2ax
acbx3) Y/
X ArcTan[—%—] Log[qx- (a+bx3)1/3]
—dXxX — - -
(a+bx®)*? V3 ¢ 24’

Program code:

Int[x_/ (a_+b_.*x_"3)"(2/3),x_Symbol] :=
With[{q=Rt[b,3]},

-ArcTan[ (1+2xq*Xx/ (a+b*x*3) " (1/3)) /Sqrt[3]]/ (Sqrt[3]*g"2) - Log[gq*Xx- (a+bxx"3)~(1/3)]/(2%*q*2)] /;

FreeQ[{a,b},x]
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2: Jx'“ (a+bx")Pdx whennez* A -1<p<0@ A p;é—% AMEZ A p+%ez

Derivation: Integration by substitution

Basis: If nez Amez A p+ ™ ez,then

m n\p __ p+% x" X X
X" (a+bx")P = aP" Subst| PRt <a+bxn>m} O T
Rule1.1.32.7.1.11.1.2:f neZ* A -1 <p<@ Ap# -2 AmeZ A p+ ™ ez then

1 m
X" (a+bx")Pdx — a‘”n_Subst[ X—dlx, X, ;]
(bt (aro)

Program code:

Int[x_"m_.*(a_+b_.*x_"n_)"p_,x_Symbol] :=
a” (p+ (m+1) /n) *Subst [Int [x*m/ (1-b*x”*n) ~ (p+ (m+1) /n+1) ,x],X,Xx/ (a+b*x*n)~(1/n)] /;
FreeQ[{a,b},x] && IGtQ[n,0] && LtQ[-1,p,0] && NeQ[p,-1/2] && IntegersQ[m,p+ (m+1l) /n]

Int[x_"m_.x(al_+bl_.*x_“n_)"p_x(a2_+b2_.xx_“n_)~p_,x_Symbol] :=
(alxa2) ~ (p+ (m+1) / (2%n) ) *
Subst [Int [x*m/ ( (1-blxx~n)~ (p+ (M+1) / (2%n) +1) * (1-b2xXx~n) ~ (p+ (M+1) / (2%n) +1) ) ,X] ,X,
X/ ((al+blxx”n)~ (1/ (2xn)) * (a2+b2xx*n)~ (1/ (2%n)))1 /;
FreeQ[{al,bl,a2,b2},x] &% EqQ[a2xbl+alxb2,0] && IGtQ[2xn,0] &&% LtQ[-1,p,0] && NeQ[p,-1/2] && IntegersQ[m,p+ (m+1)/ (2%n)]

m+l
n

2: Jx'“ (a+bx")?dx whennez*A -1<p<@ A p# —% A meZ A Denominator|[p + ™=] < Denominator[p]

Derivation: Piecewise constant extraction and integration by substitution

m+1

Basis: OX(( )P (a+bx")P ) -0

a+b x"
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Basis: If n ¢ 7, then Xt - Subst{¢ X X } S, X
’ (25)7" (abx)s (b P T (@b x| (asb xny
a+b x"
Rule1.1.3.2.7.1.11.2:If nez* N -1 <p <@ A p # —% A meZ A Denominator [p - ’“;—1} < Denominator[p], then
Jx'“ (a+bx")pd]x — ( 2 n]mT (a+bx")p*m;_lj Mx — dx
a+bx (a+:xn)p+"— (a+bx")T
— ( 2 n)p+"— (a+bx")l’+$5ubst[J\X—W1 dx, X, ;m]
a+bx (1—bXn)p+"_+l (a+bx")

Program code:

Int[x_"m_.*(a_+b_.*x_”"n_)”p_,x_Symbol] :=
(a/ (a+bxx”n) )~ (p+ (Mm+1) /n) * (a+b*x*n) ~ (p+ (m+1) /n) *Subst [Int [x*m/ (1-b*xx”n) ~ (p+ (M+1) /n+1) ,x],X,X/ (a+b*x*n)~(1/n)] /;
FreeQ[{a,b},x] && IGtQ[n,0] && LtQ[-1,p,0] && NeQ[p,-1/2] && IntegerQ[m] && LtQ[Denominator[p+(m+1)/n],Denominator[p]]

Int[x_"m_.x(al_+bl_.xx_“n_)"p_x(a2_+b2_.xx_“n_)”~p_,x_Symbol] :=
(al/ (al+blxx”n) )~ (p+ (m+1) / (2%n) ) * (al+blxx”*n) ~ (p+ (M+1) / (2%n) ) * (a2/ (a2+b2xx”*n) ) * (p+ (m+1) / (2%n) ) * (a2+b2xx”*n) ~ (p+ (M+1) / (2%n) ) *
Subst [Int [x*m/ ( (1-blxx”*n)~ (p+ (M+1) / (2%n) +1) * (1-b2+x~n) ~ (p+ (M+1) / (2%n) +1) ) ,X] , X,
X/ ((al+blxx~n)~ (1/ (2xn)) * (a2+b2xx*n)~ (1/ (2%n)) )1 /;
FreeQ[{al,bl,a2,b2},x] && EqQ[a2xbl+alxb2,0] && IGtQ[2xn,0] && LtQ[-1,p,0] && NeQ[p,-1/2] &&
IntegerQ[m] && LtQ[Denominator [p+ (m+1) / (2xn) ] ,Denominator[p] ]

2. j(cx)"‘ (a+bx")?dx when nez"
1. J(cx)’" (a+bx")Pdx whennez- A meQ@

1: fx'“ (a+bx")pdlx whennez A mez

Derivation: Integration by substitution
Basis:If ne€Z A me Z,then x"F[x"] = —Subst[i)[(%l-, x, 1] 9,

Rule1.1.3.2.7.2.1.1:1f n€Z A m € Z, then



Rules for integrands of the form (c x)~"m (a+b x~n)"p

a+bx™m)? 1
J&m(a+bxﬂpdx —a—&mstL[i—:———l—dx,x,—]
Xm+2 X
Program code:
Int[x_"m_.*(a_+b_.*x_"n_)~p_,x_Symbol] :=
-Subst [Int[ (a+bxx" (-n) )" p/x"(m+2) ,x],X,1/x] /;
FreeQ[{a,b,p},x] &% ILtQ[n,0] && IntegerQ[m]
Int[x_~m_.*(al_+bl_.xx_"n_)~ p_x(a2_+b2_.xx_"n_)"p_,x_Symbol] :=
-Subst [Int[ (al+blxx”(-n)) p*x (a2+b2xx” (-n) ) p/x" (m+2) ,x],X,1/x] /;
FreeQ[{al,bl,a2,b2,p},x] & & EqQ[a2xbl+alxb2,0] && ILtQ[2xn,0] && IntegerQ[m]
2:J}cxﬂ(a+bxﬂpdxmmenneZ‘AmeF
Derivation: Integration by substitution
Basis:If neZ A k > 1,then (cx)"F(x"] = - Esubst[ XL 1y, 114, —2
c XK (me1) 1 (cx) 1/k (c x)l/k
Rule1.1.3.2.7.2.1.2:1f n€ Z- A m e F, letk = Denominator [m], then
K a bc—nx—kn p 1
J]cxﬂ(a+bxﬂpdx-a ——SMmt[Ji—:——————l—dx,x, ]
C xK (m+1) +1 (cx) 1/k

Program code:

Int[(c_.*x_)"m_x(a_+b_.*x_"n_)"p_,x_Symbol] :=

With [ {k=Denominator[m]},

-k/c#Subst [Int [ (a+bxc” (-n) *x” (-kxn) ) ~p/x” (k# (m+1) +1) ,X],X,1/ (c*x)~(1/k)1] /3
FreeQ[{a,b,c,p},x] && ILtQ[n,0] &% FractionQ[m]

Int[(c_.*x_)"m_»(al_+bl_.*x_"n_)"p_=(a2_+b2_.xx_"n_)"p_,x_Symbol] :=
With [ {k=Denominator[m]},
—k/C*Subst[Int[(al+b1*cA(—n)*xA(—k*n))Ap*(a2+b2*cA(—n)*xA(—k*n))Ap/xA(k*(m+1)+1),x],x,1/(c*x)A(l/k)]] /3
FreeQ[{al,bl,a2,b2,c,p},x] & EqQ[a2xbl+alxb2,0] &% ILtQ[2xn,0] && FractionQ[m]
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2:J}cxﬂ(a+bxﬂpdxmmenneZ‘Am$Q

Derivation: Piecewise constant extraction and integration by substitution
Basis: Oy ((cx)™ (x1)") =0

X

Basis: F [X] == —Subst{ﬂi—;L, X, ﬂ Oy L
Rule1.1.3.2.7.2.2:If neZ A m ¢ Q, then

m b x" P mel bx™" P
(cx)" (a+bx")Pdx —e(cx)m[l] ii:—::l—dx — —l(cx)ml[l] &mstL[ii:—z—l—dx,x,l]
X (i)m c X x™+2 X

Program code:

Int[(c_.*x_)"m_x(a_+b_.*x_"n_)"p_,x_Symbol] :=
-1/c* (C*X) ™ (m+1) % (1/x) ~ (m+1) *Subst [Int[ (a+b*x” (-n) ) *p/x* (m+2) ,x],X,1/Xx] /;
FreeQ[{a,b,c,m,p},x] && ILtQ[n,0] && Not[RationalQ[m] ]

Int[(c_.*x_)"m_x(al_+bl_.xx_"n_)"p_=(a2_+b2_.xx_"n_)"p_,x_Symbol] :=
-1/c* (C*¥X) A (m+1) % (1/x) A (m+1) *Subst [Int[ (al+blxXx” (-n) ) ~*p*x (a2+b2xx” (-n) ) *p/x” (M+2) ,x] ,X,1/Xx] /;
FreeQ[{al,bl,a2,b2,c,m,p},x] & EqQ[a2xbl+alxb2,0] && ILtQ[2xn,0] && Not[RationalQ[m]]
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8. J(cx)"‘ (a+bx")?dx when neF

1: Jxm (a+bx")pdlx when neF

Derivation: Integration by substitution
Basis: If k € Z",then xFxn] = k Subst [x* (M- F[xkn], x, x*/K] g x*/
Rule 1.1.3.2.8.1:If n € F, letk = Denominator [n], then

Jx'" (a+bx")Pdx — kSubst[J\xk D1 (a+bx*")Pdx, x, xl/k]

Program code:

Int[x_"m_.*(a_+b_.*x_"n_)"p_,x_Symbol] :=
With[{k=Denominator[n]},
k*Subst [Int [x” (k* (m+1) -1) * (a+b*x” (k*n) ) *p,x] , X, X" (1/k) ] ] /3
FreeQ[{a,b,m,p},x] && FractionQ[n]

Int[x_"m_.x(al_+bl_.xx_"n_)"p_=*(a2_+b2_.*x_"n_)"p_,x_Symbol] :=
With[{k=Denominator[2xn]},

k*Subst [Int [Xx” (k% (m+1) -1) * (al+b1xx” (k*n) ) *p* (a2+b2xx” (k*n) ) *p,x] ,X,x" (1/k) ] ] /3
FreeQ[{al,bl,a2,b2,m,p},x] & EqQ[a2xbl+alxb2,0] && FractionQ[2xn]

2: J(cx)"‘ (a+bx")?dx when neF

Derivation: Piecewise constant extraction
Basis: s, J—L =0

Rule 1.1.3.2.8.2:If n e F, then
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cIntPart[m] (C X) FracPart[m]

J(cx)“‘ (a+bx")Pdx —

Jx“‘ (a+ bx”)pdlx

xFracPartm]

Program code:
Int[ (c_*»x_)"m_x(a_+b_.*x_"n_)"p_,x_Symbol] :=
c~IntPart[m] x (cxx) ~FracPart[m] /x~"FracPart[m] *Int [x*m% (a+bxx~n)*p,x] /;
FreeQ[{a,b,c,m,p},x] & & FractionQ[n]
Int[ (c_»x_)"m_=(al_+bl_.xx_"n_)~p_=*(a2_+b2_.xx_"n_)~ p_,x_Symbol] :=

c~IntPart[m] x (cxx) ~FracPart[m] /x~FracPart[m] *Int [x"m% (al+blxx”n)*px (a2+b2xx*n)*p,x] /;
FreeQ[{al,bl,a2,b2,c,m,p},x] && EqQ[a2xbl+alxb2,0] && FractionQ[2xn]

9. J(cx)"‘ (a+bx")?dx when ﬁez

1: jx"‘ (a+bx")"d1x when - ez
m+1

Derivation: Integration by substitution
Basis: If ﬁ ez, then x" F[x"] = ﬁ Subst[F[xﬁ], X, x'"*l] 8, xm+1

Rule 1.1.3.2.9.1: If mf—l € Z,then

jxm (a+bx")Pdx — Subst[J(a + bxﬁ)pd]x, X, xr""l]

m+1

Program code:

Int[x_"m_.*(a_+b_.*x_"n_)~p_,x_Symbol] :=
1/ (m+1) »Subst [Int[ (a+bxx"Simplify[n/ (m+1)1)~p,x],X,x"(m+1) ] /;
FreeQ[{a,b,m,n,p},x] & IntegerQ[Simplify[n/(m+1)]] && Not[IntegerQ[n]]

Int[x_"m_.*(al_+bl_.xx_"n_)~ p_x(a2_+b2_.xx_"n_)"p_,x_Symbol] :=
1/ (m+1) »Subst [Int[ (al+blxx"Simplify[n/ (m+1)]) px (a2+b2xx"Simplify[n/ (m+1)1)~p,x],x,x"(m+1)] /;
FreeQ[{al,b1,a2,b2,m,n,p},x] & EqQ[a2xbl+alxb2,0] && Integer‘Q[Simpli-Fy[Z*n/(m+1)]] && Not[IntegerQ[2xn]]
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2: J(cx)'“ (a+bx")?dx when ﬁez

Derivation: Piecewise constant extraction
Basis: a, 1—>— =0

Rule 1.1.3.2.9.2: If m’:—l € Z,then

cIntPar‘t[m] (C X) FracPart[m]

f(cx)'“ (a+bx")Pdx —

J.x'“ (a+ bx”)pdlx

XFracPart [m]

Program code:

Int[(c_*x_)"m_x(a_+b_.xx_"n_)"p_,x_Symbol] :=
c~IntPart[m] * (cxx) ~FracPart[m] /x~"FracPart[m] *Int [x*m* (a+bxx*n)*p,x] /;
FreeQ[{a,b,c,m,n,p},x] && IntegerQ[Simplify[n/(m+1)]] & Not[IntegerQ[n]]

Int[(c_*»x_)"m_x*(al_+bl_.xx_“~n_)"p_=*(a2_+b2_.xx_"~n_)"p_,x_Symbol] :=
c~IntPart[m] » (cxx) ~FracPart [m] /x"FracPart[m] *Int [x"m% (al+blxx”"n) *p* (a2+b2xx*n)*p,x] /;
FreeQ[{al1,b1,a2,b2,c,m,n,p},x] & EqQ[a2xbl+alxb2,0] && IntegerQ[Simpli-Fy[z*n/(m+1)]] && Not[IntegerQ[2xn]]
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10. f(cx)'“ (a+bx")?ax when %+pez

1. J(cx)"‘ (a+bx")?dx when "';1 +PEZ AP>0O
1. J(cx)’" (a+bx")?dx when %+p==0 Ap>0

1: jx'“ (a+bx")?dx when %+p:=0A p>0

Reference: G&R 2.110.3
Derivation: Binomial recurrence 1a
Derivation: Integration by parts

Rule1.1.3.2.10.1.1.1: If ™% + p == @ A p > 0, then

x"! (a+bx")® bnp

Jx’“ (a+bx")pd1x — Jx"‘*" (a+bx")p'1dlx

m+1 m+1

Program code:

Int[x_"m_.*(a_+b_.*x_"n_)”p_,x_Symbol] :=

X" (m+1) * (a+bxx”n) ~p/ (Mm+1) -

bxnxp/ (m+1) *Int [X* (m+n) * (a+bx*x*n) ~ (p-1) ,x] /;
FreeQ[{a,b,m,n},x] && EQQ[ (m+1) /n+p,0] && GtQ[p,0]

Int[x_"m_.x(al_+bl_.xx_"n_)"p_=*(a2_+b2_.*x_"n_)"p_,x_Symbol] :=

X" (m+1) * (al+blxx”n) *px (a2+b2xx*n) *p/ (m+1) -

2xb1lxb2xnxp/ (M+1) *Int [X* (Mm+2xn) * (al+blxx”n)~ (p-1) * (a2+b2xx”*n) ~ (p-1) ,x] /;
FreeQ[{al,bl,a2,b2,m,n},x] & EqQ[a2xbl+alxb2,0] && EqQ[ (m+1) / (2xn) +p,0] && GtQ[p,0]

58



Rules for integrands of the form (c x)~"m (a+b x~n)"p

2: j(cx)’“ (a+bx")?dx when m;—1+p==0 Ap>0

Derivation: Piecewise constant extraction
Basis: a, 1—>— =0

Rule1.1.3.2.10.1.1.2: If ™% + p == @ A p > 0, then

cIntPar‘t[m] (C X) FracPart[m]

f(cx)'“ (a+bx")Pdx —

J.x'" (a+ bx")pdlx

XFracPart [m]

Program code:

Int[(c_*x_)"m_x(a_+b_.xx_"n_)"p_,x_Symbol] :=
c~IntPart[m] * (cxx) ~FracPart[m] /x~"FracPart[m] *Int [x*m* (a+bxx*n)*p,x] /;
FreeQ[{a,b,c,m,n},x] && EqQ[ (m+1) /n+p,0] && GtQ[p,9]

Int[ (c_*x_)"m_x(al_+bl_.xx_"n_)"p_*(a2_+b2_.xx_"n_)~p_,x_Symbol] :=
c~IntPart[m] * (cxx) ~FracPart[m] /x~"FracPart[m] *Int [x"m% (al+bl#x”"n) *p*x (a2+b2xx*n)*p,x] /;
FreeQ[{al,bl,a2,b2,c,m,n},x] & EqQ[a2xbl+alxb2,0] && EQQ[ (m+1) / (2xn) +p,0] && GtQ[p,9]
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

m+1

2: J(cx)m(a+bx")pdx when ™= +pez Ap>@ Am+np+140

Reference: G&R 2.110.1, CRC 88b
Derivation: Binomial recurrence 1b
Derivation: Inverted integration by parts

Rule1.1.3.2.10.1.2:1f ™ +peZ A p>@ Am+np+1#0,then

(ex)™?* (a+bx")P an
J(cx)“‘(a+bx“)pd1x — ( ) + P J(cx)“‘(a+bx“)p'1d1x
c(m+np+1) m+np+1

Program code:

Int[(c_.*x_)"m_.*(a_+b_.xx_"n_)"p_,x_Symbol] :=
(c*¥X) A (m+1) * (a+bxx™n) *p/ (C* (M+nxp+1)) +
axnxp/ (m+nxp+1) *Int [ (cC*x) “mx (a+b*x*n)~ (p-1) ,x] /;
FreeQ[{a,b,c,m,n},x] && IntegerQ[p+Simplify[ (m+1)/n]] & GtQ[p,0] && NeQ[m+nxp+1,0]

Int[(c_.*x_)"m_.x(al_+bl_.xx_“n_)~p_x(a2_+b2_.xx_“n_)~p_,x_Symbol] :=
(c*x)~ (m+1) * (al+blxx”n) *p* (a2+b2xx*n) *p/ (C* (M+2xn*p+1)) +
2xalxa2xnxp/ (M+2xnxp+1) *Int[ (cxx) *m* (al+blxx"n)” (p-1) *» (a2+b2xx*n) ~ (p-1) ,x] /;
FreeQ[{al,bl,a2,b2,c,m,n},x] && EqQ[a2xbl+alxb2,0] && IntegerQ[p+Simpli-Fy[(m+1)/(2*n)]] && GtQ[p,0] && NeQ[m+2xnxp+1,0]

m+1

2. J(cx)m(a+bx")pdxwhen +PEZ A P<O

1. j(cx)’" (a+bx")Pdx when ™% +pez A -1<p<0

1: J-x"' (a+bx")?dx when ’";1 +PEZ A -1<p<0

Derivation: Integration by substitution
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Rules for integrands of the form (c x)~"m (a+b x~n)"p 61

Basis: If % +p € Z,letk = Denominator [p], then

k (m+1)

Ka X o xn/k xn/k
x™ (a+bx" p::7Subs’c[— X 7} —
| | " (1bxk) P57 T (arbxn Ox arbn R

Basis: Ifa2 bl +alb2 =0 A % +p € Z,letk = Denominator[p], then
X" (al+blx")P (a2 + b2 x")P ==

m+1 k (m+1)
k (al1a2)” g pet { X 20 * X 2 n/k }
2n Subs (1-b1 b2 x¥) 221 ? 70 (alsbl xM) VK (a2+b2 xM) LK Ox (al+b1 x") ¥k (a2+b2 x") /K

x2 n/k

Note: The exponents in the resulting integrand are integers.

Rule 1.1.3.2.10.2.1.1: If % +peZ A -1<p<0,letk =Denominator[p],then

Kk (m+1)

kaP* s X o ¢ xn/k
x" (a+bx")Pdx — Subst[ ———dx, X, —]
n (1—bx")”"n_+1 (a+bx")1/k

mel Kk (m+1)
k (ala2)P* 2w P 2n/k
Jx'“ (a1 +b1 x”)" (a2 + b2 x")"d]x — &Subst[‘[\ X — dXx, X, . ]
2n (1-b1 b2x")p+ﬁ+1 (a1+b1x")1/k (a2+b2x")1/k

Program code:

Int[x_"m_.*(a_+b_.*x_"n_)"p_,x_Symbol] :=
With [ {k=Denominator[p]},
kxa” (p+Simplify[ (m+1) /n]) /n«
Subst [Int[x” (k«Simplify[ (m+1) /n]-1)/(1-bxx"k)~ (p+Simplify[ (m+1) /n]+1),x],x,x"(n/k)/ (a+bxxn)~(1/k)]] /;
FreeQ[{a,b,m,n},x] & IntegerQ[p+Simplify[(m+1)/n]]| && LtQ[-1,p,0]

Int[x_"m_.x(al_+bl_.xx_"n_)"p_=*(a2_+b2_.*x_"n_)"p_,x_Symbol] :=
With [ {k=Denominator[p]},
kx (alxa2) A (p+Simplify [ (m+1) / (2xn)])/(2xn) %
Subst [Int[x” (k«Simplify[ (m+1)/ (2+n)]-1)/(1-blxb2+x k)~ (p+Simplify[ (m+1)/ (2%n)]+1),X],X, X" (24n/k) / ((al+blsx~n)~ (1/k) » (a2+b2xx"n)* (1/k)) |
FreeQ[{al,bl,a2,b2,m,n},x] & EqQ[a2xbl+alxb2,0] && IntegerQ[p+Simplify[ (m+1)/(2xn)]] & LtQ[-1,p,0]



Rules for integrands of the form (c x)~"m (a+b x~n)"p

2: J(cx)’“ (a+bx")?dx when m;—1+pez A -1<p<0

Derivation: Piecewise constant extraction
Basis: a, 1—>— =0

Rule1.1.3.2.10.2.1.2: f ™% + p ez A -1 < p < @, then

cIntPar‘t[m] (C X) FracPart[m]

f(cx)'“ (a+bx")Pdx —

J.x'“ (a+ bx”)pdlx

XFracPart [m]

Program code:

Int[(c_*x_)"m_x(a_+b_.xx_"n_)"p_,x_Symbol] :=
c~IntPart[m] * (cxx) ~FracPart[m] /x~"FracPart[m] *Int [x*m* (a+bxx*n)*p,x] /;
FreeQ[{a,b,c,m,n},x] && IntegerQ[p+Simplify[ (m+1)/n]] & LtQ[-1,p,0]

Int[(c_*»x_)"m_x*(al_+bl_.xx_“~n_)"p_=*(a2_+b2_.xx_"~n_)"p_,x_Symbol] :=
c~IntPart[m] » (cxx) ~FracPart [m] /x"FracPart[m] *Int [x"m% (al+blxx”"n) *p* (a2+b2xx*n)*p,x] /;
FreeQ[{al,bl,a2,b2,c,m,n},x] & EqQ[a2xbl+alxb2,0] && IntegerQ[p+Simplify[ (m+1)/(2xn)]] && LtQ[-1,p,0]

62



Rules for integrands of the form (c x)~"m (a+b x~n)"p

2: J(cx)’"(a+bx) dx when "';—1+pez Ap<-1

Reference: G&R 2.110.2, CRC 88d
Derivation: Binomial recurrence 2b

Derivation: Integration by parts

Basis: X" (a + b x")P == xM+npn+l lgiplcl_

(p+1) +1
a+b x" - (a+b x") P+l
Basis: jl—)—pq dX =~ oD

Rule1.1.3.2.10.2.2:If ™ + p e Z A p < -1, then

(€x)™ (a+bx")P? min(p+1) +1
+

J(cx)"‘ (a+bx")Pdx — -
acn(p+1)

Program code:

Int[(c_.*x_)"m_.*(a_+b_.*x_"n_)~p_,x_Symbol] :=

- (cxx)~ (m+1) * (a+bxx”*n) A (p+1) / (a*Cxnx (p+1)) +

(m+nx (p+1) +1) / (axnx (p+1) ) *Int [ (cCxX) “mx (a+bxx"*n) ~ (p+1) ,x] /;
FreeQ[{a,b,c,m,n},x] && IntegerQ[p+Simplify[ (m+1)/n]] && LtQ[p,-1]

Int[(c_.*x_)"m_.*(al_+bl_.xx_"n_)"p_=*(a2_+b2_.xx_"n_)” p_,x_Symbol] :

J(c x)" (a+ bx")"*1 dx
an(p+1)

- (cxx)~ (m+1) % (al+blxx”n)~ (p+1) * (a2+b2xx”*n) ~ (p+1) / (2*al*xa2xc*n* (p+1)) +
(Mm+2xn* (p+1) +1) / (2%*al*xa2*n* (p+1) ) *Int[ (c*X) *m*x (al+blxx”~n) A (p+1) *» (a2+b2xx”n)~ (p+1) ,x] /;
FreeQ[{al,bl,a2,b2,c,m,n},x] & EqQ[a2xbl+alxb2,0] && IntegerQ[p+Simplify[ (m+1)/(2+n)]] && LtQ[p,-1]
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

cx)m
11. J( ) dx when ™t e
a+bx" n

Xm
1. j dx when ™ e
a+bx" n
m
X m+1
1:J dx when EF Am-n<m
a+bx" n

Reference: CRC 86

Derivation: Binomial recurrence 3a withp = -1

Rule1.1.3.2.11.1.1: If m;1 €F A m-n <m,then

X
J dx —
a+bx"

Program code:

Int[x_"m_./(a_+b_.*x_"n_) ,x_Symbol] :=
With[{mn=Simplify[m-n]},
X~ (mn+1) / (bx (mn+1)) -
a/bxInt[x"mn/ (a+bxx*n),x]]| /;

m-n+1

X a

Xm—n

b(m-n+1) _b

FreeQ[{a,b,m,n},x] & FractionQ[Simplify[(m+1)/n]]| && SumSimplerQ[m,-n]

m

X m+1
Z:J dx when EF Am+n<m
a+bx" n

Reference: CRC 87

Derivation: Binomial recurrence 3b withp = -1

Rule 1.1.3.2.11.1.2: If m;1 eF A m+n <m,then

J

a+bx"

dx
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

xm+|’|

x™ Xm+1 b
J dx — —_—J dx
a+bx" am+1) aJa+bx"

Program code:

Int[x_"m_/(a_+b_.*x_"n_),x_Symbol] :=
X~ (m+1) / (ax (m+1)) -
b/axInt[x"Simplify[m+n]/(a+bxxn),x] /;
FreeQ[{a,b,m,n},x] & FractionQ[Simplify[(m+1)/n]]| && SumSimplerQ[m,n]

cx)™
2: j( ) dx when &L e
a+bx" n

Derivation: Piecewise constant extraction
Basis: o, chL =0

Rule1.1.3.2.11.2: If m;—l € T, then

m

X — dx

a+b x" xFr‘acPar‘t [m]

J (cx)" 5 cIntPart(m] (¢ yyFracPart(n] j X

a+bx"

Program code:

Int[(c_*»x_)"m_/(a_+b_.*x_"n_),x_Symbol] :=
c IntPart [m] * (cxx) ~FracPart [m] /x*FracPart[m] *Int [x*m/ (a+b*x"n),x] /;
FreeQ[{a,b,c,m,n},x] && FractionQ[Simpli-Fy[(m+1)/n]] && (SumSimplerQ[m,n] || SumS:i.mpler'Q[m,—n])

65



Rules for integrands of the form (c x)~"m (a+b x~n)"p

12. J(c x)" (a+bx")?dx when p ¢ z*

1: J(cx)"‘ (a+bx")pd1x when p¢z*A (pez- V a>0)

Note:lf t =r+1 A re Z, then Hypergeometric2F1[r, s, t, z] == Hypergeometric2Fl[s, r, t, z] Al€ elementary or undefined.

Rulel1.1.32.12.1:if p¢e Z* A (peZ V a>0),then

aP (cx)m™?!

X m+1l m+1 b x"
Hypergeometr1c2F1[—p, s +1, - ]
n n a

J(cx)"‘ (a+bx")Pdx —
c (m+1)

Program code:

Int[(c_.*x_)"m_.*(a_+b_.*x_"n_)~p_,x_Symbol] :=
a”px (cxx)~ (m+1) / (cx (m+1) ) xHypergeometric2F1[-p, (m+1) /n, (m+1) /n+1,-bxx*n/a] /;
FreeQ[{a,b,c,m,n,p},x] && Not[IGtQ[p,0]] && (ILtQ[p,0] || GtQ[a,0])
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

x:J}cxﬂ(a+bxﬂpdxwmmpez+Aﬂ(peZ‘va>e)

Note:lf r=1 A (seZ V t €Z),then nypergeometricaFi[r, s, t, z] = Hypergeometric2Fi[s, r, t, z] are undefined or can be
expressed in elementary form.

Note: Mathematica has a hard time simplifying the derivative of the following antiderivative to the integrand, so the
following, more complicated, but easily differentiated, rule is used instead.

Rulel.l32.12x:if p¢eZ*A - (p€Z VvV a>0),then

(cx)™ (a+ bx“)p+1

+p+1, +1,

m+1 m+1 bx"]
n n a

J(c x)" (a+bx")Pdx — Hypergeometric2F1 [1,

ac (m+1)

Program code:

(* Int[(c_.*x_)"m_.*(a_+b_.*x_"n_)~p_,x_Symbol] :=
(CxX)~(m+1) * (a+bxx~n)~ (p+1) / (axcx (m+1) ) xHypergeometric2F1[1, (m+1) /n+p+1, (m+1) /n+1,-bxx*n/a] /;
FreeQ[{a,b,c,m,n,p},x] && Not[IGtQ[p,0]] && Not[ILtQ[p,0] || GtQ[a,0]] =*)
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

2:J}cxﬂ(a+bxﬂpdxwmmpez+Aﬂ(peZ‘va>e)

Derivation: Piecewise constant extraction

Basis: Oy {2:bX12 - g

(1+57)

Rule1.1.3.2.12.2:1f p¢ Z*' A = (p€Z V a > 0),then

aIntPart[p] (a +b Xn) FracPart[p] b x"\ P
(cx)™ (a+bx")pd1x — J(cx)m 14+ dx
(1 bxn)Fr'acPar't[p] a
+ 2=

a

Program code:

Int[(c_.*x_)"m_.*(a_+b_.*x_"n_)~p_,x_Symbol] :=
a”IntPart[p] * (a+bxx”~n)*FracPart[p]/ (1+bxx~n/a)*FracPart[p] *Int[ (c*x) *m* (1+bxx~n/a)*p,x] /;
FreeQ[{a,b,c,m,n,p},x] &% Not[IGtQ[p,0]] & Not[ILtQ[p,0] || GtQ[a,0]]
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

D: J(cx)“‘ (a1 + by x")? (az + by x")P dx when ayb; +a1 b, =0 A p¢zZ

Derivation: Piecewise constant extraction

. n\p n\p
Basis: If a; by + a1 by == 0, then 6, {21biX" (@20 X017 g
(a]_ a2+b1 b2 X2n>

Rule:If a, by +a; by, =0 A p ¢ Z, then

FracP
(31 +by Xn) racPart[p] (aj + by X) FracPart[p]

I(Cx)m (al+b1x")p (az+b2X")pdlx N (cx)" (alaz+b1 bzxz")pd]x

(al a, + b1 bz XZ) FracPart[p]

Program code:

Int[(c_.*x_)"m_.x(al_+bl_.xx_“n_)~p_x(a2_+b2_.xx_“n_)”~p_,x_Symbol] :=
(al+blxx”n) ~FracPart[p] * (a2+b2xx"n) *FracPart[p]/ (alxa2+blxb2xx” (2xn) ) *FracPart[p] *Int[ (c*Xx)m% (alxa2+blxb2xx”" (2xn))p,x] /;
FreeQ[{al1,bl,a2,b2,c,m,n,p},x] && EqQ[a2xbl+alxb2,0] && Not[IntegerQ[p]]

(» IntBinomialQ[a,b,c,n,m,p,x] returns True iff (cxx)“”m* (a+bxx~n)~p is integrable wrt x in terms of non-hypergeometric functions. =x)
IntBinomialQ[a_,b_,c_,n_,m_,p_,x_] :=

IGtQ[p,0] || RationalQ[m] && IntegersQ[n,2xp] || IntegerQ[ (m+1) /n+p] ||

(EqQ[n,2] || EqQ[n,4]) && IntegersQ[2xm,4xp] ||

EqQ[n,2] && IntegerQ[6xp] && (IntegerQ[m] || IntegerQ[m-p])
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

Rules for integrands of the form (dx)" (a+b (cx9)™)P

1: j(dx)'“ (a+b (cx)")?dx

Derivation: Integration by substitution
Rule:

d m
Jkdx)m(a+b(cx)ﬂpdx — 1Subst[J[—i] (a+bxﬂpdx,x,cx]

C (¢

Program code:

Int[(d_.*x_)"m_.*(a_+b_.*(c_*x_)"n_)"p_.,x_Symbol] :=
1/c*Subst [Int[ (dxx/c) “m* (a+bxx”~n) *p,Xx],X,c*x] /;
FreeQ[{an,ch,mJn,p}Jx]
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

2: j(dx)"‘ (a+b (cx9)")Pax whennqez

Derivation: Piecewise constant extraction and integration by substitution

Basis: 9, —4X1™* __ __ g

<(Cxq>1/q)m+l

1/
Basis: M = Subst | FXL, x, (cx9)?/9] o, (cx9) 1/

Rule: If nq € z, then

(@x™ j((qu)““)”*‘ (2+b ((cx)")")?

d ((c Xq)l/q)m+1

j(dx)"‘ (a+b (cx9)")Pax —

(d x)m+1 1y
_ Subst[jx'“ (a+bx"")Pdx, x, (cx%) q]
a ((ext) )™

X

Program code:

Int[(d_.*x_)"m_.*(a_+b_.*(c_.*x_"q_)"n_)"p_.,x_Symbol] :=
(dxx)~(m+1) / (d* ( (cx*x*q)~(1/q) )~ (m+1) ) *Subst [Int [x*mx (a+b*xXx” (n*xq) ) *p,X],X, (cxx*q)*(1/q)] /;
FreeQ[{a,b,c,d,m,n,p,q},x] & IntegerQ[nxq] &% NeQ[x, (cxx"q)”"(1/q)]

dx
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

3: J(dx)"‘ (a+b (cx9)")?ax when neF

Derivation: Integration by substitution

Rule: If n € F, then

(qu)l/k
J\(d x)" (a+b (cx)")Pdax — Subst[J(d x)" (a+bc"x")Pdx, Xk,

Program code:

Int[(d_.*x_)"m_.*(a_+b_.*(c_.*x_"q_)"n_)"p_.,x_Symbol] :=

With[{k=Denominator[n]},

Subst [Int[ (d*X) “mx (a+b*c nxx” (nxq) ) *p,Xx] ,x* (1/k) , (c*x*q) ~ (1/k) / (¢ (1/k) = (x*(1/k) )~ (q-1)) ] ] /3
FreeQ[{a,b,c,d,m,p,q},x] && FractionQ[n]

c1/x (x:l/k) q-1

]
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

4: J(dx)"‘ (a+b (cx9)")?ax when n¢ R

Derivation: Integration by substitution

Basis: F[ (c x4)"] == Subst[F[c” x"d], x"d, Ac_xq)_”}

cn
Rule: If n ¢ R, then

(cx?)”

=

J(dx)'“ (a+b (cx9)")Pdax — Subst[J(dx)'“ (a+bc"x"9)Pax, x"9,
c

Program code:

Int[(d_.*x_)"m_.x(a_+b_.x(c_.*x_"q_)"n_)"p_.,x_Symbol] :=
Subst [Int[ (d*Xx) ~m% (a+bxc”n*x” (nxq) ) *p,x] , X" (n*q) , (c*x*q) *n/c”*n] /;
FreeQ[{a,b,c,d,m,n,p,q},x] && Not[RationalQ[n] ]
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

S. Ju'" (a+bv")pdlx

1: Jxm (a+bv")pdlx whenv=c+dx A mez

Derivation: Integration by substitution

Basis: If mez,then X" F[c + d x] == 2= Subst[ (x - ¢)"F[x], X, ¢ +d x] Ox (¢ + d X)

dm+1

Rule1.1.3.28.2:If v==c+dx A me Z,then

fx"‘ (a+bv")Pax — dr;I'—JfISubstU‘(x— " (a+bx")?dx, x, v]

Program code:

Int[x_"m_.x(a_+b_.*v_"n_)"p_.,x_Symbol] :=
With[{c=Coefficient[v,x,0],d=Coefficient[v,x,1]},
1/d~ (m+1) »Subst [Int [SimplifyIntegrand[ (x-c)~mx (a+bxx"n)~p,x],x],x,v] /;
NeQ[c,0]] /;
FreeQ[{a,b,n,p},x] && LinearQ[v,x] && IntegerQ[m]
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Rules for integrands of the form (c x)~"m (a+b x~n)"p

2: Ju’“ (a+bv")pd1x whenv=c+dx A u=ev

Derivation: Integration by substitution and piecewise constant extraction

m

Basis: If u == e v, then 9y \‘j—

m

::@

Rule1.1.3.28.3:If v==c+dXx A u == e v,then

Ju"‘ (a+bv")Pdx — Subst[Jx"‘ (a+bx")Pdx, x, v]

dv"

Program code:

Int[u_"m_.*(a_+b_.*v_"n_)”p_.,x_Symbol] :=
urm/ (Coefficient [v,X,1] +v~m) xSubst [Int [x m« (a+bxx"n)"p,x]1,X,V] /;
FreeQ[{a,b,m,n,p},x] && LinearPairQ[u,v,x]
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